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We discuss the correlation function for the metric for homogeneous and isotropic cosmologies. The exact propagator
equation determines the correlation function as the inverse of the second functional derivative of the quantum effective
action. This formulation relates the metric correlation function employed in quantum gravity computations to cosmological
observables as the graviton power spectrum. In the Einstein-Hilbert approximation for the effective action the on-shell
graviton correlation function can be obtained equivalently from a product of mode functions which solve the linearized
Einstein equations. In contrast, the product of mode functions, often employed in the context of cosmology, does not yield
the correlation function for the vector and scalar components of the metric fluctuations. We divide the metric fluctuations
into “physical fluctuations”, which couple to a conserved energy momentum tensor, and gauge fluctuations. On the
subspace of physical metric fluctuations the relation to physical sources becomes invertible, such that the effective action
and its relation to correlation functions no longer needs to involve a gauge fixing term. The physical metric fluctuations
have a similar status as the Bardeen potentials, while being formulated in a covariant way. We compute the effective
action for the physical metric fluctuations for geometries corresponding to realistic cosmologies.
Contents
1. Introduction 2
2. Basic concepts 3
3. Physical and gauge part of metric 4
4. Quantum effective action 6
4.1. Effective action for constrained fields . . . . . . . . 6
4.2. Expansion around a cosmological background . . . 7
4.3. Expansion in physical metric fluctuations . . . . . 8
5. Correlation function 8
5.1. Propagator equation . . . . . . . . . . . . . . . . 8
5.2. Inverse propagator for unconstrained metric fluctu-
ations . . . . . . . . . . . . . . . . . . . . . . . . 8
5.3. Physical metric fluctuations . . . . . . . . . . . . 9
5.4. Inverse propagator for physical metric fluctuations . 9
5.5. Propagator equation for maximally symmetric spaces 10
6. Metric correlation in flat space 10
6.1. Inverse propagator . . . . . . . . . . . . . . . . . 11
6.2. projector onto physical metric fluctuations . . . . . 12
6.3. Correlation function . . . . . . . . . . . . . . . . 12
6.4. Irreducible representations of Lorentz symmetry . . 13
6.5. Irreducible representations of rotation symmetry . . 13
6.6. Effective action for physical metric fluctuations . . 15
6.7. Effective action for scalar, vector and graviton modes 15
6.8. Gauge invariant Bardeen potentials . . . . . . . . . 15
6.9. Time-dependent correlation functions . . . . . . . 16
6.10. Propagator with gauge fixing . . . . . . . . . . . . 17
7. Off-shell metric propagator 18
8. Mode functions in homogeneous and isotropic cosmology 20
8.1. Metric fluctuations for homogeneous and isotropic
cosmology . . . . . . . . . . . . . . . . . . . . . . 20
8.2. Mode functions . . . . . . . . . . . . . . . . . . . 21
8.3. Mode functions with gauge fixing . . . . . . . . . . 23
8.4. Linearized Einstein equations . . . . . . . . . . . . 24
8.5. Projectors . . . . . . . . . . . . . . . . . . . . . . 25
9. Mode decomposition 25
9.1. Decomposition of physical metric fluctuations into
SO(3)-representations . . . . . . . . . . . . . . . 25
9.2. Effective action for graviton, vector and scalars in
de Sitter space . . . . . . . . . . . . . . . . . . . 26
9.3. Decomposition for gauge fluctuations . . . . . . . . 27
10.Graviton correlation 27
10.1. Evolution equation for graviton propagator . . . . 27
10.2. General solution for graviton correlation in de Sitter
space . . . . . . . . . . . . . . . . . . . . . . . . 28
11.Conclusions 29
A. Projectors and gauge fixing 30
B. Local gauge symmetries 31
C. Decomposition of metric fluctuations into trace and
traceless parts 32
C.1. Decomposition of unconstrained metric fluctuations 32
C.2. Decomposition of physical metric fluctuations . . . 33
C.3. Scalar fluctuations . . . . . . . . . . . . . . . . . 34
D. Mode equation and linearized Einstein equation 35
E. Decomposition of unconstrained metric fluctuations into
SO(3) representations 36
E.1. Decomposition . . . . . . . . . . . . . . . . . . . 36
E.2. Einstein equation . . . . . . . . . . . . . . . . . . 37
E.3. Physical metric fluctuations . . . . . . . . . . . . 37
E.4. Relation between decomposition of physical metric
fluctuations and unconstrained metric fluctuations . 38
F. Second functional derivative and propagator equation 39
1
1. Introduction
The correlation function for the metric is a central quantity
in classical and quantum gravity. It permits to compute the
(linear) response of the metric to a source, e.g. a moving
body. The equal time correlation function contains the infor-
mation on the power spectrum of fluctuations in the Gaus-
sian approximation. The (two-point) correlation function or
propagator for the metric plays also a central role for any
computation in quantum gravity. A typical loop contribu-
tion from the metric fluctuations involves a trace over powers
of the metric propagator, with appropriate vertices inserted.
Within functional renormalization the exact flow equation for
the effective average action Γk,
∂kΓk =
1
2
Tr
{
(∂kRk)Gk
}
, (1)
involves the propagator Gk in presence of the infrared cutoff
Rk [1–3].
While the metric correlation in flat space can be computed
rather easily for a simple form of the effective action, much
less is known for the metric correlation in curved space. For
the linear response of the metric to some sources as galaxies,
stars or other moving bodies one needs the metric propaga-
tor in some “background cosmology”, i.e. for an appropriate
homogeneous and isotropic solution of the gravitational field
equations.The same holds for the determination of the fluc-
tuation spectrum. The metric correlation in a background is
needed if one wants to explore the dependence of the effective
action on the metric, e.g. in eq. (1). Particularly interesting
are backgrounds that obey the field equations.
Indeed, functional methods in quantum field theory work
best if the “background field”, for which expressions as (1)
are evaluated, is close to an appropriate extremum of the ac-
tion. For example, the functional renormalization group for
scalar fields gives excellent results in simple truncations if one
expands around the minimum of the effective potential [4–8].
In contrast, expansions with few couplings around the origin
in field space, ϕ = 0, fail to provide good results in case of
spontaneous symmetry breaking. For quantum gravity com-
putations often only a few couplings are kept. One therefore
would like to evaluate the effective action in the vicinity of
characteristic solutions of the cosmological field equations.
Typically, these may be geometries close to de Sitter space as
relevant for inflation. This is also the region in field space for
which knowledge of the effective action Γ is most useful. The
exact field equations follow from the first functional variation
of Γ and employ therefore knowledge about its form in the
vicinity of the relevant solution.
In gravity, the metric propagator evaluated for a back-
ground that solves the field equations (“on shell propagator”)
shows particular properties that do not hold for general back-
ground geometries. One may define gauge invariant fluctu-
ation quantities (Bardeen potentials [9]). If the background
obeys the field equations only the graviton mode corresponds
to a propagating wave or particle, whereas the gauge invariant
scalar and vector modes contained in the metric play the role
of “auxiliary fields” that do not describe propagating waves or
particles. Nevertheless the correlation function for the scalar
and vector parts of the physical metric fluctuations does not
vanish.
The consequences of the non-propagating character of
scalar and vector modes for quantum gravity calculations are
not much explored. The auxiliary field property does not hold
away from solutions of the field equations. It is not easily vis-
ible on the level of the metric fluctuations in general covariant
gauges, for which the difference between background geome-
tries obeying the field equations or not is not very apparent
at first sight. We clarify in this paper the relation between
the non-propagating Bardeen potentials and the non-trivial
metric correlation function in the vector and scalar sector.
More generally, it is the aim of the present paper to con-
stitute a bridge between concepts typically used in cosmol-
ogy, such as mode functions and particular assumptions about
“vacua” on one side, and functional integral approaches for
a quantum field theory of gravity on the other. For back-
ground geometries obeying the field equations the metric cor-
relation contains directly the information about the power
spectrum of cosmic fluctuations. For example, the amplitude
and spectrum of the tensor fluctuations can be extracted di-
rectly from the equal time correlation function for the gravi-
ton component of the metric. The situation is similar for
an additional scalar (inflaton) field for which amplitude and
spectrum can be obtained from the (gauge invariant) scalar
correlation. Since substantial work has been invested in the
computation of the cosmic fluctuation spectrum for various
interesting cosmological solutions [10–16], one may use this
knowledge in order to gain information about the metric cor-
relation for realistic cosmological solutions. In the other direc-
tion, a computation of the quantum correlation for the metric
translates directly to important cosmological observables.
While the connection between existing computations of the
cosmic fluctuation spectrum and the metric correlation is
rather direct for the propagating graviton fluctuations (or an
additional inflaton), this is no longer the case for the scalar
and vector modes contained in the metric. First of all, the
standard approach of using commutation relations for oper-
ators of free fields for the definition of a “vacuum correla-
tion” is only meaningful for the fields describing propagat-
ing waves or particles. Second, the linearized field equations
(mode equations) admit for the gauge invariant scalar fields
or gravitational potentials Φ,Ψ (Bardeen potentials) only the
solution Φ = Ψ = 0 in the absence of additional matter fluc-
tuations. The usual prescription for obtaining the correla-
tion function as a product of mode functions (solutions of the
mode equation) would then imply that the metric correlation
in the scalar sector vanishes. This is, however, not the case.
For the gauge invariant vector fluctuation Ωm the situa-
tion is similar. The only solution of the mode equation is
Ωm = 0, while we find a rotation invariant correlation func-
tion in Fourier space
〈Ω∗n(k, η)Ωm(k, η′)〉c =
2iδ(η − η′)
M2k2a2(η)
(
δmn − kmknk2
)
×(2π)3δ3(k − k′).
(2)
Here η is conformal time, a(η) the scalar factor,M the Planck
mass and k the comoving wave number. This correlation
function is “instantaneous”, i.e. ∼ δ(η − η′), and reflects the
role of Ωm as an auxiliary field. It cannot be written as a
product of mode functions.
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The different properties of correlation functions in the
graviton sector on one side, and the vector and scalar sec-
tor on the other side, seem related to the difference between
“propagating” and “auxiliary” fields in the operator formal-
ism. While the computation of the correlation functions for
the propagating tensor mode is rather straightforward in the
operator formalism, a computation for the scalar and vector
correlations is presumably a rather involved exercise in this
formalism. (See ref. [17] for structural aspects.)
For the computation of the metric correlation or Green’s
function we need a method that goes beyond mode functions
for free quantum fields. We will directly employ the defining
equation for the Green’s function G
Γ(2)G = E, (3)
with Γ(2) involving a suitable differential operator and E the
unit matrix in the appropriate space of fields. Here G is con-
sidered as a matrix with internal and space or momentum
indices, and similar for Γ(2). For the quantum effective ac-
tion Γ the matrix Γ(2) is the second functional derivative, and
eq. (3) is an exact identity that follows from the basic def-
inition of the effective action. The use of this identity for
the computation of primordial cosmic fluctuations has been
demonstrated in refs. [18–20]. One recovers known results
as special solutions, but also can discuss the most general
solution as an initial value problem for a differential equa-
tion. Starting from the defining equation (3) we will discuss
the conditions under which the correlation function can be
represented as a product of mode functions.
The metric fluctuations around a given background met-
ric can be divided into physical and gauge fluctuations. Only
the propagator for the physical metric fluctuations matters for
the response of the metric to a covariantly conserved energy-
momentum tensor. Similarly, only the correlation function for
the physical metric fluctuations leads to observable quantities
such as the primordial fluctuation spectrum. An important
aspect of the present paper is the clear separation between
physical and gauge fluctuations of the metric. This can be
achieved by imposing a constraint on the metric fluctuations
which eliminates the gauge fluctuations. Alternatively, one
can employ a particular “physical” gauge fixing.
This paper is organized as follows: we present the basic
concepts in section 2. Section 3 deals with the distinction be-
tween physical metric fluctuations and gauge fluctuations. In
section 4, we introduce the quantum effective action for the
physical metric fluctuations. It contains all the information
needed for the computation of the quantum field equations
and the correlations for physical metric fluctuations. Sec-
tion 5 turns to the correlation function for the metric and the
defining propagator equation. The on-shell metric correlation
in flat space is addressed in section 6. This demonstrates
several issues as projectors onto physical modes, irreducible
representations of the rotation group, connection to Bardeen
potentials, time dependence and gauge fixing in an explicit
form, employing a language that can be directly used in the
following sections. Section 7 extends this discussion to the off-
shell propagator for the metric fluctuations which is needed
in quantum gravity computations.
In section 8 we turn to homogeneous and isotropic geome-
tries and discuss, in particular, the role of mode functions, the
linearized Einstein equations, projectors onto physical fluctu-
ations, and the connection to gauge fixing. Section 9 pro-
ceeds to a decomposition of the physical metric fluctuations
into representations of the rotation group. We obtain prop-
agator equations for the individual modes which can be the
basis for a future explicit computation of the correlation func-
tion for all components of the physical metric fluctuations.
In section 10 we focus on the graviton correlation which is
technically simplest. This makes a direct connection to the
observable tensor modes in the primordial cosmic fluctuation
spectrum. The results agree with the well known results ob-
tained in the operator formalism [15, 16]. This section mainly
serves the demonstration of equivalence of methods for the
case of propagating fluctuations in a background solving the
field equations, where the operator formalism is straightfor-
ward.
We specialize to de Sitter space in order to underline the
equivalence by the explicit form of the graviton propagator.
The full metric correlation has been discussed extensively for
a de Sitter geometry [21–28]. The results of ref. [27] include
the physical gauge fixing advocated here. Still, some work
needs to be done to extract the explicit form of the propaga-
tor for physical scalar and vector fluctuations from the general
structure described in ref. [27]. Geometries close to de Sitter
space may avoid the singular behavior of propagators in de
Sitter space, cf. [28] for a discussion. Only little is known
[29] about the full metric propagator in general homogeneous
and isotropic cosmologies.
Our conclusions are found in section 11. Several more tech-
nical points, as the explicit connection to the Bardeen poten-
tials or a more general mode decomposition can be found in
the appendices.
2. Basic concepts
For an effective action of gravity which is invariant under gen-
eral coordinate transformations (diffeomorphisms) the second
functional derivative is not invertible in the function space of
arbitrary metric fluctuations. The local gauge symmetry im-
plies that there are “gauge modes” for which Γ(2) vanishes.
There are two possible ways to cope with this issue. The first
reduces the field space for G and Γ(2) to “physical fluctua-
tions” by projecting out the “gauge fluctuations”. In this case
the inhomogeneous term E on the r.h.s. of eq. (3) is a projec-
tor onto the space of physical fluctuations. The second func-
tional derivative becomes invertible on this restricted space
if suitable boundary conditions are specified. (For massless
fields the zero momentum mode may need a special regular-
ization). The second alternative employs gauge fixing in a
standard way. In the presence of gauge fixing Γ is no longer
gauge invariant. Thus Γ(2) becomes invertible on the full
space of metric fluctuations and E is the unit matrix in this
space.
We will concentrate in this paper on the projection to phys-
ical metric fluctuations. We show that this is equivalent to a
particular gauge fixing. For local gauge theories as gravity the
source for the metric field is related to the energy momentum
tensor T µν . A central point of our formalism is the restriction
to sources that reflect the most general covariantly conserved
energy momentum tensors, T µν ;ν = DνT
µν = 0, with Dν a
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covariant derivative. Such sources couple only to covariantly
conserved metric fluctuations, such that the quantum effec-
tive action will only involve these “physical fluctuations” of
the metric.
A quantum field theory for gravity can be formulated as
a functional integral over the “fluctuating metric” g′µν . We
decompose the metric g′µν as
g′µν = g¯µν + h
′
µν = gˆ
′
µν + a
′
µ;ν + a
′
ν;µ, (4)
with “background metric” g¯µν and
gˆ′µν = g¯µν + f
′
µν , f
′
µν;
ν = 0. (5)
Here semicolons denote covariant derivatives that are formed
with the background metric g¯µν such that g¯µν;ρ = 0. Simi-
larly, an arbitrary symmetric second rank contravariant ten-
sor Bµν is decomposed as
Bµν = T µν + T µV ;
ν + T νV ;
µ, T µν ;ν = 0. (6)
For a source term (with g¯ = det g¯µν)
SB = −1
2
∫
x
√
g¯g′µνB
µν
= −1
2
∫ √
g¯
{
gˆ′µνT
µν + (a′µ;ν + a
′
ν;µ)(T
µ
V ;
ν + T νV ;
µ)
}
(7)
one finds indeed that only the physical metric gˆ′µν couples to
T µν . Restricting the source to TV = 0, the argument of the
effective action Γ will be restricted to
gˆµν = g¯µν + fµν , fµν = 〈f ′µν〉, fµν;ν = 0. (8)
In order to avoid explicit constraints for the metric we may
extend the argument of Γ formally to arbitrary metrics gµν ,
e.g. Γ[gˆµν ] → Γ[gµν ]. The fact that Γ actually only depends
on gˆµν is then reflected by the local gauge symmetry of Γ.
The local gauge symmetry corresponds to the statement that
Γ does not depend on the gauge fluctuations of the metric
aµν =
〈
a′µ;ν + a
′
ν;µ
〉
. (9)
In a gauge fixed version of gravity the metric correlation
depends, in general, on the choice of the gauge. For a general
gauge, this often obscures the relation between the effective
action and the propagator for the physical metric fluctua-
tions. Having identified the physical metric fluctuations it will
be natural to choose for the fluctuating metric in the func-
tional integral a gauge a′µ = 0 or h
′
µν;
ν = 0, corresponding
to g′µν = gˆ
′
µν . For the functional integral defining quantum
gravity one may therefore employ a corresponding gauge fix-
ing with the associated ghosts. For this type of gauge fixing
the propagator equation (3) becomes block diagonal, decay-
ing into separate sectors for the physical fluctuations and the
gauge fluctuations. We can therefore compute the correlation
function for the physical metric fluctuation on a restricted
function space with appropriate projector E in eq. (3). On
the level of the relation between the effective action and the
correlation function for the metric the gauge fixing and ghost
terms are not needed if G is restricted to the correlation func-
tion for physical metric fluctuations and E is the appropriate
projector. We can work directly with a diffeomorphism in-
variant quantum effective action Γ and do not have to worry
about gauge fixing and ghosts.
The physical metric fluctuations fµν are “gauge invariant”
in the same sense as the Bardeen potentials. We explicitly
construct the relation between the physical metric fluctua-
tions and the Bardeen potentials, which turn out to be rather
involved. In contrast to the Bardeen potentials the projec-
tion on fµν can be done in a manifestly covariant way. This
is important for quantum gravity and flow equations where
diffeomorphism invariance plays a crucial role in order to re-
strict the form of the effective action. There is, however, a
price to pay for the covariant formulation. While the relation
of the Bardeen potentials to metric fluctuations is simple in
certain gauges as the Newtonian gauge, it gets more complex
in a covariant setting.
The propagator equation (3) is a differential equation,
DG = E, (10)
with differential operator D = Γ(2). This makes it manifest
that G is given by an initial value problem [30–39], and is not
a priori fixed for a given cosmological solution and a given
time. As a simple condition for a possible scaling solution [18]
we employ here the condition that the high momentum tail
of the metric correlation is already at some early time given
by the Lorentz invariant correlation function in flat space.
This generalizes the Bunch-Davies initial condition [40] to
interacting fields, arbitrary geometric backgrounds and non-
propagating modes. It selects a particular correlation among
several proposed ones [41–44]. The complete discussion of the
physical metric correlation function in flat space presented in
this paper is therefore not only a very explicit example how
the projection on physical fluctuations operates, but also sets
the initial conditions for the solution of eq. (10).
The correlation function G for the metric is an important
quantity beyond its crucial role for quantum gravity compu-
tations on one side and the cosmic fluctuation spectrum on
the other side. For example, it enters directly the computa-
tion of the bispectrum B from the third functional derivative
of the effective action Γ(3), that we may symbolically express
as B = Γ(3)G3. In this paper we discuss G in the Einstein
frame. The determination of G by the propagator equation
(3) makes transformations between different frames straight-
forward [20].
Besides the development of the formalism for computing
G from the propagator equation, and the direct relation be-
tween cosmological fluctuation observables and the covariant
correlation for physical metric fluctuations that may be ex-
tracted from quantum gravity calculations, our paper also
contains practical progress: we derive the explicit form of the
propagator equation for the physical metric fluctuations for
a homogeneous and isotropic cosmological background.
3. Physical and gauge part of metric
We formulate quantum gravity as a functional integral for the
partition function
Z[Kµν ] =
∫
D˜g′ρσ exp
{
−S[g′ρσ] +
∫
x
g′µν(x)K
µν(x)
}
. (11)
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The regularization of this functional integral as, for example,
gauge fixing and ghost terms, are here formally included in
the functional measure
∫
D˜g′ρσ. The action S is supposed
to be invariant under general coordinate transformations or
diffeomorphisms
δξg
′
µν = −∂µξρg′ρν − ∂νξρg′µρ − ξρ∂ρg′µν . (12)
The source Kµν = Kνµ transforms as a contravariant tensor
density
δξK
µν = ∂ρξ
µKρν + ∂ρξ
νKµρ − ξρ∂ρKµν − ∂ρξρKµν , (13)
such that the source term is diffeomorphism invariant. For the
functional measure we will employ a background field formal-
ism such that the measure is invariant under a simultaneous
diffeomorphism transformation of the background metric and
the fluctuations, see below. Therefore Z is invariant under
this combined transformation.
We write the action in terms of a scalar function L,
S =
∫
x
√
g′L[g′ρσ], g
′ = det(g′µν), δξL = −ξρ∂ρL. (14)
For the example of Einstein gravity with reduced Planck mass
M and cosmological constant V one has
L = −M
2
2
R + V, (15)
with R the curvature scalar of the metric g′µν . For purposes
of analytic continuation we will admit complex values of g′µν ,
while coordinates remain fixed. For Minkowski signature g′µν
is real and one has
√
g′ = i
√
− det(g′µν), accounting for the
factor i in the weight factor e−S of the functional integral.
As mentioned in section 2, we split the metric g′µν into a
“physical metric” gˆ′µν and a “gauge part” a
′
µν which can be
obtained by covariant derivatives of a vector a′µ,
g′µν = gˆ
′
µν + a
′
µν , a
′
µν = a
′
µ;ν + a
′
ν;µ. (16)
Covariant derivatives, denoted by semicolons, are formed with
the connection Γ¯µν
ρ of a background metric g¯µν ,
a′µ;ν = Dνa
′
µ = ∂νa
′
µ − Γ¯νµρa′ρ. (17)
In principle, the background metric is arbitrary. We will focus
later on solutions of the field equations.
General sources Kµν(x) are introduced in order to con-
struct generating functionals as in eq. (1). This allows to
probe the response of the metric expectation value to any
given particular source, as the energy momentum tensor for
radiation and matter in cosmology. We use the background
metric g¯µν to relate the source K
µν to the energy momentum
tensor T µν ,
Kµν =
1
2
g¯
1
2T µν , g¯ = det(g¯µν). (18)
Again, T µν is considered here as general source, with possible
a posteriori specification of a “physical source” if appropriate.
For the effective action Γ the source term in eq. (11) is
reflected in the quantum field equation (for details see sec-
tion 4)
∂Γ
∂gµν
= Kµν ,
2√
g¯
∂Γ
∂gµν
= T µν. (19)
Identifying gµν and g¯µν, such that Γ depends only on gµν,
the second equation (19) is the usual defining equation for
the energy momentum tensor. (See ref. [45] for a discussion
and modifications of the identification gµν = g¯µν.) If one
considers extended field theories, for example with an addi-
tional scalar inflaton field, the metric variation of the effective
matter action would contribute (with negative sign) to T µν.
The precise nature of Kµν and T µν will not be important for
our discussion. We only will employ the structural aspect of
a conserved energy momentum tensor.
We will focus on sources Kµν corresponding to a conserved
energy momentum tensor, T µν; ν . They obey
∂νK
µν + Γ¯νρ
µKρν = 0. (20)
These sources couple only to the physical metric, motivating
the naming, ∫
x
g′µνK
µν =
∫
x
gˆ′µνK
µν . (21)
Indeed, partial integration and the relation (20) imply∫
x
a′µνK
µν =
∫
x
(a′µ;ν + a
′
ν;µ)K
µν
= −2
∫
x
a′µ(∂νK
µν + Γ¯νρ
µKρν) = 0.
(22)
The constraint (20) is invariant under simultaneous gauge
transformations of Kµν and g¯µν .
With respect to diffeomorphisms all three objects gˆ′µν , g¯µν
and a′µν transform as tensors according to eq. (12). Writing
gˆ′µν = g¯µν + f
′
µν , (23)
and observing
δξg¯µν = −(ξµ;ν + ξν;µ), (24)
one sees that the transformation of g′µν can also be realized
for a fixed background metric g¯µν if the transformation of a
′
µν
obtains an additional inhomogeneous part,
δˆξa
′
µν = δinha
′
µν + δξa
′
µν ,
δinha
′
µν = −(ξµ;ν + ξν;µ).
(25)
For a′µ → 0 the inhomogeneous part dominates and becomes
δinha
′
µ = −ξµ. (26)
This identifies infinitesimal a′µν with the infinitesimal change
of the background metric g¯µν under a diffeomorphism trans-
formation. By a suitable gauge transformation one can always
achieve a′µ = 0. This justifies the naming of a
′
µν as the gauge
part of the metric g′µν .
Strictly speaking, the classification of physical and gauge
fluctuations is exact only on the linear level, e.g. for infinites-
imal f ′µν and a
′
µν . Beyond, the non-linear construction of the
notion of a “physical metric” gˆµν is more involved [46]. Be-
yond the linear level one would also like to replace Γ¯νρ
µ in
eq. (20) by the connection formed with the macroscopic met-
ric gµν. Then this equation, together with the first equation
(19), guarantees invariance of the effective action with respect
to gauge transformations acting only on gµν [46]. Linear fluc-
tuations are sufficient for the computation of propagators and
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field equations. We therefore stick to the linear definition (16)
and (17), leaving non-linear extensions aside.
Formally, we can obtain the physical metric fluctuations by
applying a suitable projector P (f),
h′µν = g
′
µν − g¯µν , f ′µν = P (f)ρτµν h′ρτ , (27)
where the product includes a product in position space
f ′µν(x) =
∫
y
P (f)µν
ρτ (x, y)h′ρτ (y). (28)
The projector P
(f)ρτ
µν is symmetric in µ → ν and ρ ↔ τ and
obeys
P (f)µν
αβP
(f)
αβ
ρτ = P (f)µν
ρτ ,
DµP (f)µν
ρτ = 0,
P (f)µν
ρτDτ = 0.
(29)
We discuss this projector in more detail in appendix A as well
as in sections 6 and 8. The properties (29) guarantee that f ′µν
is divergence free
Dµf ′µν = 0, (30)
and invariant under the inhomogeneous gauge transformation
δinh. Indeed, applying P
(f) on the transformed fluctuations
yields again f ′µν
P (f)µν
ρτ (f ′ρτ + a
′
ρτ −Dρξτ −Dτξρ) = f ′µν . (31)
The regularization of the functional integral is done by
using only the objects gˆ′µν and a
′
µν , preserving the gauge
transformation δξ which acts on both objects. It will not be
invariant under the inhomogeneous transformation δˆξ. We
note that δξ and δˆξ can be related by a “split transforma-
tion” δsgˆ
′
µν = sµν , δsa
′
µν = −sµν , for the particular case
sµν = ξµ;ν + ξν;µ. The split symmetry of objects formed
only with g′µν is broken by the regularization which involves
gˆ′µν and a
′
µν separately. The regularized functional integral
employs gauge fixing
Z[Kµν ; g¯µν ] =
∫
Dg′µνJ [a
′
µν , gˆ
′
µν ] exp{−Sgf[a′µν , gˆ′µν ]}
× exp{−S[g′µν]} exp{
∫
x
gˆ′µνK
µν},
(32)
with Sgf a gauge fixing term in the action and J [a
′
µν , gˆ
′
µν ]
the associated Faddeev-Popov determinant. As usual, J can
be represented by a functional integral over ghost degrees of
freedom.
In the setting of the present paper we form covariant deriva-
tives and the source constraint (20) with the background met-
ric g¯µν . For a fixed g¯µν this maintains the discussion of metric
fluctuations within the standard approach. In particular, the
source term remains linear in the fluctuating metric g′µν . As
a shortcoming of this formalism T µν is covariantly conserved
only with respect to the background of the metric g¯µν , and
not with respect to the macroscopic metric gµν as one would
like it to be.
One may wish to find a formulation where eqs. (18) and (20)
employ the macroscopic metric gµν which is the argument of
the effective action, such that for all gµν the energy momen-
tum tensor is covariantly conserved. This possibility is de-
scribed elsewhere [45]. In this case g¯µν may be replaced by a
dynamical macroscopic field gµν , e.g.
gµν =
∂lnZ
∂Kµν
. (33)
The source term is then no longer linear since gµν depends
implicitly on Z. As a consequence, eq. (8) holds only for in-
finitesimal fµν , while the general form of the physical metric
gˆµν receives corrections. In this paper we keep a fixed g¯µν dif-
ferent from gµν , and the present setting can be viewed as an
approximation to the formulation which uses the macroscopic
metric.
4. Quantum effective action
For the construction of the effective action we have two op-
tions. The first one restricts the sources to those obeying the
constraint (20). In consequence, the effective action will only
depend on fields that couple to the constrained source, i.e.
gˆµν = 〈gˆ′µν〉. (34)
These fields will be constrained according to
gˆµν = g¯µν + fµν , fµν = 〈f ′µν〉, fµν;ν = 0. (35)
In this formulation the effective action contains no gauge
modes such that the second functional derivative Γ(2) is typ-
ically invertible once projected on the appropriate space of
physical fluctuations. If a possible gauge fixing term vanishes
for gµν = gˆµν , it needs not to be included on the level of
the effective action. This is the option we will mainly pur-
sue in this paper. The second option considers instead of the
constrained sources Kµν arbitrary sources Lµν , and therefore
arbitrary gµν . Then typically a gauge fixing term is present
in Γ. One can subsequently project onto the space of physi-
cal metric fluctuations. If the gauge fixing term is projected
out by this procedure, it no longer appears in the projected
quantities. In our case we will see that the two options are
equivalent.
4.1. Effective action for constrained fields
Let us now formulate the effective action in the presence of
constraints on sources and fields. Our starting point is the
partition function (32) where we have indicated explicitly that
Z depends on the background metric g¯µν . This dependence
arises from the constraint (20) forKµν which involves the con-
nection formed with g¯µν . Also the definition of the split of g
′
µν
into gˆ′µν and a
′
µν involves g¯µν . It is worthwhile to note, how-
ever, that for our construction the background metric only
enters indirectly through the projections on physical sources
and fields, i.e. Kµν and gˆ′µν = P
(f)ρτ
µν g′ρτ . By construction,
Z[Kµν; g¯µν ] is diffeomorphism invariant if both K
µν and g¯µν
are transformed simultaneously. The invariant partition func-
tion is the basis for the construction of the quantum effective
action.
We first define the generating functional for the connected
correlation functions
W [Kµν ; g¯µν ] = lnZ[K
µν ; g¯µν ], (36)
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with
δW
δKµν
= 〈gˆ′µν〉 = gˆµν . (37)
The second functional derivative W (2) defines the connected
two-point correlation function (Green’s function, propagator)
W
(2)
ρτσλ(x, y) = 〈f ′ρτ (x)f ′σλ(y)〉c
= 〈f ′ρτ (x)f ′σλ(y)〉 − 〈f ′ρτ (x)〉〈f ′σλ(y)〉.
(38)
(Note that the background metric g¯µν in eq. (23) drops out
in the connected correlation function.) Below we will iden-
tify the correlation function W (2) with the propagator for the
physical metric fluctuations.
In eq. (37) the expectation value gˆµν obeys the same con-
straint as gˆ′µν , namely
gˆµν;
ν = 0. (39)
(Recall that this constraint is not trivial since covariant
derivatives are formed with g¯µν). Due to the presence of
the constraint (39) we can invert eq. (37) and obtain the con-
strained source Kµν as a functional of gˆµν .
We can make the constraint (38) more explicit by employ-
ing the general decomposition
gµν = g¯µν + bµν +
1
4
σg¯µν + vµ;ν + vν;µ + 2τ;µν . (40)
With
bµ
ν
;ν = −1
4
∂µσ, bµ
µ = 0, vµ;µ = 0, (41)
the constraint (39) is realized for
vµ = 0, τ = 0. (42)
Indeed, we have chosen the basis (40) such that for vµ =
0, τ = 0 one has gµν;
ν = 0, according to eq. (39). Due to the
restriction (20) for the sources, which corresponds to a con-
served energy momentum tensor, no “gauge part” of gµν is
present. The metric gˆµν contains therefore only the “physical
excitations” around the background, namely bµν and σ, while
vµ and τ are set to zero,
fµν = bµν +
1
4
σg¯µν . (43)
The effective action obtains by a Legendre transform
Γ[gˆµν ; g¯µν ] = −W [Kµν; g¯µν ] +
∫
x
gˆµνK
µν , (44)
with Kµν [gˆµν ; g¯µν ] obtained by solving eq. (37). As usual,
one has the exact quantum field equation
δΓ
δgˆµν
= Kµν =
1
2
√
g¯T µν . (45)
Our setting is realized by considering Γ as a functional
of fµν (as well as g¯µν), while W depends on sources K
µν
that correspond to T µν in the general decomposition (6). We
will work within an approximation where Γ is a gauge invari-
ant functional only of the metric gˆµν. This can formally be
achieved by setting g¯µν = gˆµν in eq. (44). Gauge invariance
permits us to drop the explicit constraint on gˆµν since the Γ
is independent of the gauge fluctuations. We can therefore
consider well known approximations to the effective action as
the Einstein-Hilbert action. A justification of our approxima-
tion and a detailed discussion of the issue of diffeomorphism
invariance can be found in appendix B.
4.2. Expansion around a cosmological background
Let us consider some particular “physical source” Kµν0 that
corresponds to a homogeneous and isotropic energy momen-
tum tensor T µν0. Examples are radiation or dust in cos-
mology. We choose the background metric such that for the
physical source Kµν0 the field equation is obeyed if gˆµν = g¯µν ,
δΓ
δgˆµν
(gˆµν = g¯µν) = K
µν
0 . (46)
General (inhomogeneous) sources can be written as an ex-
pansion around Kµν,
Kµν = Kµν0 +∆K
µν. (47)
We consider small ∆Kµν such that linearization is valid. We
may expand W around Kµν0 ,
W =W (0) +
∫
x
g¯µν(x)∆K
µν(x)
+
1
2
∫
x
∫
y
∆Kµν(x)W (2)µνρσ(x, y)∆K
ρσ(y) + . . . ,
(48)
with W (0) and W (2) depending on Kµν0 . Eq. (37) reads
δW
δ∆Kµν
= g¯µν + fµν (49)
and comparison with eq. (48) yields
fµν(x) =
∫
y
W (2)µνρσ(x, y)∆K
ρσ(y) + . . . (50)
This equation expresses the response of the metric to sources
in the linear approximation. It involves the metric correlation
function W (2).
As an example we may consider Einstein gravity in flat
space with Kµν0 = 0 and g¯µν = ηµν. A small
∆K00(y) =
i
2
mδ3(y) (51)
may represent a static test massm or a star at position y = 0,
with T 00 = mδ3(y). For the component f00 eq. (50) reads
f00(t,x) =
i
2
m
∫
t′
W
(2)
0000(t,x; t
′, 0). (52)
Thus the correlation function W
(2)
0000 is related to the Newto-
nian potential
ΦN = −1
2
f00 = − im
4
∫
t′
W
(2)
0000(t,x; t
′0) = − m
8πM2|x| . (53)
The linear relation (50) accounts for the response of the
metric to arbitrary small “perturbations” or inhomogeneous
sources ∆Kµν. For this purpose the cosmological background
Kµν0 and g¯µν is arbitrary. The relation (50) encodes one of
the central properties of the metric propagator.
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4.3. Expansion in physical metric fluctuations
For a given background metric g¯µν we can expand the effec-
tive action in terms of the physical metric fluctuations fµν .
Expanding in second order in
fµν = gˆµν − g¯µν = bµν + 1
4
σg¯µν (54)
yields
Γ = Γ(0) +
∫
x
Γ(1)µν(x)fµν(x)
+
1
2
∫
x
∫
y
fµν(x)Γ
(2)µνρσ(x, y)fρσ(y) + . . .
(55)
with Γ(0), Γ(1) and Γ(2) depending on g¯µν and obeying
Γ(1)µν(x) = Kµν0 (x). (56)
An expansion of the quantum field equation (45), combined
with eq. (46), yields in linear order∫
y
Γ(2)µνρσ(x, y)fρσ(y) + . . .
= Kµν(x)−Kµν0 (x) = ∆Kµν(x).
(57)
Comparison of eq. (50) with eq. (57) shows already that the
metric correlation function is related to an appropriately pro-
jected inverse of Γ(2). This relation will be discussed in the
next section.
Both Kµν0 and ∆K
µν obey separately eq. (20). Thus
eq. (57) yields a constraint on Γ(2),∫
y
(
∂
∂xν
Γ(2)µνρσ(x, y)
+ Γ¯ντ
µ(x)Γ(2)τνρσ(x, y)
)
fρσ(y) = 0,
(58)
where higher orders in fµν are omitted.
The formulation of the effective action in terms of “phys-
ical metrics” obeying a constraint, due to the use of con-
strained physical sources, may seem somewhat unfamiliar. In
appendix A we relate this formulation to the more common
approach with gauge fixing. It corresponds to the limit of
an infinite gauge parameter β that enforces the constraint
fµν;
ν = 0.
5. Correlation function
In this section we discuss the defining equation for the correla-
tion function, namely the exact propagator equation (3) based
on the second functional derivative of the effective action. For
the Einstein-Hilbert action with a cosmological constant we
display the inverse propagator both for unconstrained metric
fluctuations hµν and for physical metric fluctuations fµν .
5.1. Propagator equation
We may interpret the second functional derivatives Γ(2) and
W (2) as matrices. They obey the usual matrix identity
Γ(2)W (2) = 1, (59)
that follows directly from the defining relations for Γ. In po-
sition space this reads
∫
y
Γ(2)µνρτ (x, y)W
(2)
ρτσλ(y, z) = E
µν
σλ(x, z), (60)
where Eµνσλ is the unit matrix in the space of appropri-
ate functions. For unconstrained hσλ the unit matrix reads
E
′µν
σλ =
1
2 (δ
µ
σδ
ν
λ + δ
µ
λδ
ν
σ)δ(x − z), while in the presence of a
constraint for fµν it becomes the projector P
(f)µν
σλ, which
obeys the defining relations (29). Equation (59) is the exact
“propagator equation” for the Green’s function
Gρτσλ(x, y) =W
(2)
ρτσλ(x, y). (61)
In the presence of a constraint on physical sources and fluc-
tuations we recall the connection (38) to the two-point corre-
lation function.
If Γ(2) contains time-derivatives eq. (60) is an evolution
equation which describes the time dependence of the Green’s
function. Typically, Γ(2) is of the form
Γ(2)µνρτ (x, y) = δ(x− y) Γ(2)µνρτ (y), (62)
where Γ(2)µνρτ (y) contains derivatives with respect to y. The
resulting propagator equation reads
Γ(2)µνρτ (x)Gρτσλ(x, y) = E
µν
σλ(x, y). (63)
5.2. Inverse propagator for unconstrained metric
fluctuations
We will next assume a simple form of Γ based on an expansion
in the number of derivatives. The first two lowest invariants
are given by
Γ =
∫
x
√
g
(
V − M
2
2
R[gµν ]
)
. (64)
Expanding an unconstrained metric gµν = g¯µν+hµν in second
order in hµν one has
(g
1
2 )(2) = g¯
1
2
(
1
8
h2 − 1
4
hρµh
µ
ρ
)
, (65)
and
(g
1
2R)(2) =
1
2
g¯
1
2
{
R¯
(
1
4
h2 − 1
2
hρµh
µ
ρ
)
− R¯µνhhµν
+ hhµν ;µν − hh;µ µ + 2R(2)
}
,
(66)
with
R(2) = R¯
µνhνρh
ρ
µ + h
µνh;µν + h
µ
νh
ν
µ;
ρ
ρ
− hµν(hρν;ρµ + hρν;µρ)−
1
2
hµν ;ρh
ρ
ν;µ +
3
4
hµν;ρh
ν
µ;
ρ
− hµν ;νhρµ;ρ + hµν ;νh;µ −
1
4
h;
µh;µ
}
.
(67)
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For unconstrained hµν the second functional derivative of
the effective action (64) is given by
Γ(2)µνρτ = −M
2
8
√
g¯
{(
g¯µρg¯ντ + g¯νρg¯µτ − 2g¯µν g¯ρτ)D2
+ g¯µν(DτDρ +DρDτ ) + g¯ρτ (DµDν +DνDµ)
− (g¯µρDτDν + g¯νρDτDµ
+ g¯µτDρDν + g¯ντDρDµ)
+ R¯(g¯µν g¯ρτ − g¯µρg¯ντ − g¯µτ g¯νρ)
+ 2(R¯µρg¯ντ + R¯νρg¯µτ + R¯µτ g¯νρ + R¯ντ g¯µρ)
− 2(R¯µν g¯ρτ + R¯ρτ g¯µν)
}
+ V4
√
g¯(g¯µν g¯ρτ − g¯µρg¯ντ − g¯µτ g¯νρ).
(68)
Applying a suitable projection of this operator in eq. (63)
constitutes the basic equation of this paper. Correlation func-
tions are obtained as solutions to this differential equation
with appropriate initial values.
We can take account of the constraint to physical metrics
in different equivalent ways. One method projects the second
functional derivative (68) onto the space of physical metrics.
A second one inserts the constraint fνµ;ν = 0 already into the
expansion of Γ. If the physical metric fluctuations fµν are
expressed in terms of independent fields one can directly ob-
tain Γ(2) in the space of these fields by functional variation.
While the second method is often technically simpler, we will
also use occasionally the first method in order to make the
role of projections apparent.
5.3. Physical metric fluctuations
According to the second method we directly investigate the
effective action (64) in quadratic order in the physical metric
fluctuations fµν , f
ν
µ;ν = 0, i.e.
Γ2 =
∫
x
{
V
(
g
1
2
)
(2)
− M
2
2
(g
1
2R)(2)
}
= Γ
(V )
2 + Γ
(R)
2 .
(69)
In appendix C we decompose Γ2 into parts from the trace
and traceless metric fluctuations. This decomposition simpli-
fies considerably if we restrict the background geometries to
the ones with a vanishing Weyl tensor,
Γ
(V )
2 =
V
16
∫
x
g¯1/2(σ2 − 4bµνbµν),
Γ
(R)
2 =
M2
8
∫
x
g¯
1
2
{
bµν
(
−D2 + 2
3
R¯
)
bµν +
3
4
σD2σ
}
,
(70)
where D2 = DµD
µ and
σ = fµν g¯
µν , bµν = fµν − 1
4
σg¯µν ,
g¯µνbµν = 0, b
ν
µ;ν = −
1
4
∂µσ.
(71)
Due to the last relation the trace σ and the traceless part bµν
are not independent.
A decomposition of fµν into independent fields can be done
as
fµν = tµν + sµν (72)
where tµν is traceless and divergence free
tµν g¯
µν = 0, tνµ;ν = 0, (73)
while sµν is a linear function of σ
sµν = Sˆµνσ, (74)
with
Sˆµν g¯
µν = 1, DµSˆµν = 0, Sˆµν = Sˆνµ. (75)
This entails the relation
bµν = tµν + s˜µν , (76)
with
s˜µν = sµν − 1
4
σg¯µν , s˜
ν
µ;ν = −
1
4
∂µσ. (77)
The construction of the operator Sˆµν needs, however, some
care due to the non-commuting properties of the covariant
derivatives. It is not unique, since we can always add a di-
vergence free and traceless tensor to sµν .
For important simple cases we can easily find Sˆµν . Con-
sider geometries with a constant curvature scalar, ∂µR¯ = 0.
In this case we can choose
Sˆµν = (g¯µνD
2 −DµDν + R¯µν)(3D2 + R¯)−1. (78)
Indeed, one has
DµSˆµν =
(
[Dν , D
2] +DµR¯
µ
ν
)
(3D2 + R¯)−1
= (DµR¯
µ
ν − R¯µνDµ)(3D2 +R)−1
= Rµν;µ(3D
2 + R¯)−1 = 0,
(79)
where we use the commutator relation (acting on a scalar)
[Dν , D
2] = −R¯µνDµ. (80)
The Bianchi identity R¯µν;µ − ∂νR¯/2 = 0 implies R¯µν;µ for ge-
ometries with constant R¯. The other two relations (75) are
easily verified. One infers
s˜µν = −
[
(DµDν − 1
4
D2g¯µν)− (R¯µν − 1
4
R¯g¯µν)
]
(3D2+ R¯)−1σ.
(81)
5.4. Inverse propagator for physical metric fluctuations
The inverse propagator for the physical metric fluctuations
can be extracted directly from the expansion of the effective
action in second order in fµν . We therefore compute Γ2 in
terms of the independent fields tµν and σ,
Γ2 = Γ
(t)
2 + Γ
(σ)
2 + Γ
(tσ)
2 . (82)
For the transversal traceless tensor tµν one finds
Γ
(t)
2 = −
M2
8
∫
x
g¯1/2tµν
(
D2 − 2
3
R¯+
2V
M2
)
tµν , (83)
while Γ
(σ)
2 and Γ
(tσ)
2 are computed in appendix C, given ex-
plicitly by eqs. (C.25) and (C.26). The mixed term Γ
(tσ)
2 is
proportional to∫
x
g¯1/2tµν s˜µν =
∫
x
g¯1/2tµνR¯µν(3D
2 + R¯)−1σ. (84)
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It vanishes for R¯µν = cg¯µν .
For the computation of Γ
(σ)
2 we need
D2s˜µν = −
{
DµD
2Dν − 1
4
D4g¯µν +
7
12
R¯D2g¯µν
− 1
3
R¯DµDν − 2R¯µνD2 + 2R¯ρµDρDν
+ R¯ρνDρDµ − R¯ρλDρDλg¯µν
− 5
2
R¯µν;
ρDρ +
1
2
R¯ρµ;νDρ
}
(3D2 + R¯)−1σ.
(85)
Here we use the commutator relation
[D2, Dµ]Dν = R
ρ
µDρDν − 2RµρνλDρDλ −Rµρνλ;ρDλ (86)
and assume a vanishing Weyl tensor.
5.5. Propagator equation for maximally symmetric spaces
We next specialize to geometries with
R¯µν =
1
4
R¯g¯µν , ∂µR¯ = 0, (87)
where the r.h.s of eq. (84) vanishes and
D2s˜µν =
{
1
4
D4gµν −DµDνD2 + 1
6
R¯D2g¯µν
2
3
R¯DµDν
}
(3D2 + R¯)−1σ.
(88)
We conclude that for such spaces the fluctuations tµν and σ
decouple
Γ
(tσ)
2 = 0. (89)
Geometries with vanishing Weyl tensor and obeying eq. (87)
are maximally symmetric,
R¯µρνλ =
R¯
12
(g¯µν g¯ρλ − g¯µλg¯νρ). (90)
They describe de Sitter, anti-de Sitter or flat space.
For maximally symmetric spaces s˜µν simplifies
s˜µν = −(DµDν − 1
4
D2g¯µν)(3D
2 + R¯)−1σ. (91)
One finds∫
x
g¯
1
2 s˜µν s˜µν =
1
4
∫
x
g¯1/2σD2(3D2 + R¯)−1σ (92)
and∫
x
g¯1/2s˜µνD2s˜µν =
1
4
∫
g¯1/2σD2(D2 +
2
3
R¯)(3D2 + R¯)−1σ.
(93)
This yields the scalar part of the quadratic part of the expan-
sion of the effective action,
Γ
(σ)
2 =
M2
4
∫
x
g¯1/2σ
{
(D2 +
3
8
R¯)D2 +
V
2M2
(D2 +
1
2
R¯)
}
× (3D2 + R¯)−1σ.
(94)
For background geometries that solve the field equations,
e.g. R¯ = 4V/M2, this simplifies further
Γ
(σ)
2 =
M2
12
∫
x
g¯1/2σ
(D2 + 14 R¯)
2
D2 + 13 R¯
σ. (95)
Correspondingly, Γ
(t)
2 takes the form
Γ
(t)
2 = −
M2
8
∫
x
g¯1/2tµν(D2 − 1
6
R¯)tµν . (96)
The corresponding second functional derivative Γ(2) is block
diagonal in the fields tµν and σ.
For maximally symmetric geometries obeying the field
equations the correlation functions for tµν and σ,
Gttµνρτ (x, y) = 〈tµν(x)tρτ (y)〉c,
Gσσ(x, y) = 〈σ(x)σ(y)〉c ,
(97)
obey the propagator equations
− M
2
4
√
g¯
(
D2 − R¯
6
)
Gttµνρτ (x, y) = P
(t)
µνρτ (x, y),
M2
6
√
g¯
(
D2 +
R¯
4
)2(
D2 +
R¯
3
)−1
Gσσ(x, y) = δ(x− y),
(98)
where D2 acts on the variable x and the first two indices (µν)
of Gttµνρτ . Here P
(t) projects onto tµν
tµν(x) = P
(t)
µν
αβ(x)hαβ(x),
P (t)µν
αβP
(t)
αβ
ρτ = P (t)µν
ρτ .
(99)
The full Green’s function obtains as
Gµνρτ (x, y) = G
tt
µνρτ (x, y) + Sˆµν(x)Sˆρτ (y)G
σσ(x, y). (100)
The projector P
(t)
µν
ρτ obeys the defining relations
DµP (t)µν
ρτ = 0, g¯µνP (t)µν
ρτ = 0. (101)
In terms of the projector P (f) given by eqs. (27) and (29) it
obtains as
P (t)µν
ρτ = P (f)µν
ρτ − P (σ)µν ρτ , (102)
with
P (σ)µν
ρτ = Sˆµν g¯
αβP
(f)
αβ
ρτ
P (σ)µν
ρτhρτ = Sˆµνσ.
(103)
One verifies the conditions (101), while the projector prop-
erty of P (t) follows from the projector properties of P (f) and
P (σ). (For the latter we use P
(f)
µν
ρτ Sˆρτ = Sˆµν .)
6. Metric correlation in flat space
In this section we discuss the metric correlation function in a
flat space background. This has the advantage that all projec-
tions can be made in a simple explicit form, and D2 becomes
a block-diagonal differential operator. The flat space correla-
tion function describes the limiting high momentum or short
distance behavior of the metric correlation in an arbitrary
background geometry. This holds in the range where terms
involving the curvature tensor can be neglected as compared
to the squared momentum.
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For a non-compact space as Minkowski space a unique spec-
ification of the Green’s function involves boundary conditions.
They are typically set at some initial time, that may go to mi-
nus infinity. We do not discuss here the general solution of the
evolution equation for the propagator [18]. We rather impose
Lorentz symmetry on the correlation function which fixes it
uniquely, if the effective action is taken to be the Einstein-
Hilbert action, cf.ref. [18]. We concentrate in this section on
the “on-shell propagator” for which the background metric
obeys the field equations. For a flat background the cosmo-
logical constant V in eq. (64) is therefore set to zero. The
off-shell propagator in flat space, with V 6= 0, will be dis-
cussed in the next section.
In cosmology one is often interested in the time evolution
of the propagator which we display explicitly. For more gen-
eral geometries the correlation functions are best formulated
in dependence on conformal time η, i.e. G = G(η, η′). The
flat space conformal time η coincides with Minkowski time t.
For easy comparison with the following sections we use η as
time argument. The propagator equation amounts to a dif-
ferential equation for the time evolution. The explicit form
of the time-dependent metric correlation function (200) in
three-dimensional Fourier space constitutes for arbitrary ge-
ometries the “initial value” for η → −∞, η′ → −∞ and small
|η − η′|. Indeed, for geometries close to de Sitter space, as
appropriate for inflationary cosmology, the flat space correla-
tions describe the limiting behavior of the metric correlations
for |kη| ≫ 1, |kη′| ≫ 1, |k(η − η′)| ≪ 1, with k the comoving
wave number. For fixed k and initial values set at minus in-
finity, the flat space correlations are therefore well suited as
initial conditions for the evolution towards larger η or η′. For
the propagating modes these initial conditions are equivalent
to the Bunch Davies vacuum in the operator formalism for
free quantum fields.
The Lorentz invariant flat space metric propagator is
known since a long time, see for example ref. [47]. We
describe it nevertheless in some detail in this section. The
reason is that several important characteristic features of our
approach to compute the correlation function of the physical
metric fluctuations from the inversion of the second functional
derivative of the effective action can be seen very explicitly
in flat space. A first point concerns the use of “mode func-
tions” as familiar in cosmology. Mode functions are solutions
of the linearized field equations for fluctuations. In cosmol-
ogy, the propagator is often constructed as the “square of
mode functions”. We discuss the applicability of this proce-
dure in section 8 and find that the on-shell correlation for
the propagating modes can indeed be expressed in terms of
mode functions. For the metric, this applies to the graviton,
i.e. the traceless divergence free tensor mode. For the scalar
and vector parts of the physical metric fluctuations the mode
functions vanish while the propagator differs from zero. It
is therefore important to understand the origin of the scalar
and vector parts of the metric correlation. In flat space this
can be done in a straightforward way. Related to this issue is
the role of the gauge invariant Bardeen potentials. For this
purpose we display explicitly the propagator for the different
representations of the rotation group.
A second issue concerns the relation between the use of con-
strained physical metric fluctuations and a procedure with un-
constrained metric fluctuations and explicit gauge fixing. For
a particular “physical gauge fixing” the two approaches are
equivalent. This can be seen rather explicitly in flat space.
Functional variation for unconstrained fields and the corre-
sponding evolution equation for the propagator have to take
the constraints properly into account. This can be facilitated
by the use of representations of the rotation group for which
the physical scalar fluctuations are unconstrained, while the
constraints for the graviton and vectors take a time indepen-
dent form.
6.1. Inverse propagator
For Einstein gravity (V = 0 in eq. (64)) the expansion of the
effective action in second order in the metric fluctuations is
given in flat space, g¯µν = ηµν = diag(−1, 1, 1, 1), by
Γ2 = − iM
2
8
∫
x
(hµνD2hµν − hD2h
− 2hµνhρν;ρµ + 2hhµν ;νµ).
(104)
In four-dimensional Fourier space we can replace ∂µ → iqµ,
qµ = (−ω,k), qµ = (ω,k), D2 = −q2 = −qµqµ = ω2 − k2,
such that
Γ2 =
1
2
∫
q
hµν(−q)Γ(2)µνρτ (q)hρτ (q), (105)
where
∫
q
=
∫
d4q/(2π)4. The second functional derivative
reads
Γ(2)µνρτ (q, q′) = Γ(2)µνρτ (q)δ(q − q′), (106)
with
Γ(2)µνρτ (q) =
iM2
8
{
(ηµρηντ + ηνρηµτ − 2ηµνηρτ )q2
+ 2ηρτ qµqν + 2ηµνqρqτ
− ηµρqνqτ − ηνρqµqτ
− ηµτ qνqρ − ηντqµqρ)
}
,
(107)
and δ(q − q′) = (2π)4δ4(qµ − q′µ). Acting on the gauge part
of the metric fluctuation, aρτ = i(qρaτ + qτaρ), one has
Γ(2)µνρτaρτ = 0. (108)
We introduce the projector onto “transversal components”,
P˜µ
ρ = δρµ −
qµq
ρ
q2
, (109)
obeying
P˜µ
ρqρ = 0, q
µP˜µ
ρ = 0,
P˜µ
ρP˜ρ
ν = P˜µ
ν , P˜µν = P˜νµ, P˜
µ
µ = 3.
(110)
We can write Γ(2) in eq. (107) in terms of this transversal
projector as
Γ(2)µνρτ =
iM2q2
8
{P˜µρP˜ ντ + P˜µτ P˜ νρ − 2P˜µνP˜ ρτ}. (111)
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6.2. projector onto physical metric fluctuations
In flat space we may define the projector onto the physical
part of the metric
fµν = P
(f)
µν
ρτhρτ , q
µP (f)µν
ρτ = 0, P (f)µν
ρτ qτ = 0,
P (f)µν
ρτP (f)ρτ
λσ = P (f)µν
λσ , P (f)µν
ρτ = P (f)νµ
ρτ = P (f)µν
τρ.
(112)
The projector is diagonal in momentum space,
P (f)µν
ρτ (q, q′) = P (f)µν
ρτ (q)δ(q − q′), (113)
and we will often omit the δ-function for simplicity of nota-
tion. The projector onto physical metric fluctuations has a
simple expression in terms of the transversal projector,
P (f)µν
ρτ =
1
2
(P˜µ
ρP˜ν
τ + P˜µ
τ P˜ν
ρ). (114)
The orthogonal projector P
(a)
µν
ρτ projects onto the gauge
fluctuations and obeys
P (a)ρτµν hρτ = aµν . (115)
It is given by
P (a)µν
ρτ =
1
2
(δρµδ
τ
ν + δ
τ
µδ
ρ
ν)− P (f)µν ρτ
= −qµNνρqτ + (µ↔ ν) + (ρ↔ τ),
(116)
where
Nν
ρ = − 1
q2
δρν +
1
2q4
qνq
ρ. (117)
With
aν = − i
q2
(
δτν −
qνq
τ
2q2
)
qρhρτ (118)
and
aµν = i(qµaν + qνaµ)
=
1
q2
(
qµδ
τ
ν + qνδ
τ
µ −
qµqνq
τ
q2
)
qρhρτ
(119)
one easily verifies eq. (115).
The explicit form of P (a) reads
P (a)ρτµν =
1
2q2
(
qµq
ρδτν + qνq
ρδτµ + qµq
τ δρν + qνq
τ δρµ
)
− 1
q4
qµqνq
ρqτ .
(120)
From there the explicit form of P (f) obtains easily as
P (f)ρτµν =
1
2
(
δρµδ
τ
ν + δ
τ
µδ
ρ
ν
)− P (a)ρτµν . (121)
6.3. Correlation function
The Green’s function for the physical metric fluctuations
takes the form
Gρτσλ(q, q
′) = 〈fρτ (q)fσλ(−q′)〉c
= P (f)ρτ
ρ′τ ′(q)〈hρ′τ ′(q)hσ′λ′(−q′)〉cP (f)σλ σ
′λ′(q′).
(122)
It vanishes when contracted with qρ, qτ , q′σ or q′λ. The defin-
ing propagator equation (63) reads
Γ(2)µνρτGρτσλ = P
(f)µν
σλ. (123)
The propagator on the r.h.s of eq. (123) corresponds to the
unit matrix in the space of the physical metric fluctuations
fµν(q). From eqs. (111) and (123) we infer the propagator
equation
iM2
4
Aµνρτ (q)Gρτσλ(q, q
′) = P (f)µνσλ(q)δ(q − q′), (124)
where
Aµνρτ (q) =
q2
2
(P˜µρP˜ ντ + P˜µτ P˜ νρ − 2P˜µνP˜ ρτ ) (125)
obeys
P (f)αβµν(q)A
µνρτ (q) = Aαβρτ (q). (126)
We impose translation symmetry in space and time
Gρτσλ(q, q
′) = Gρτσλ(q)δ(q − q′), (127)
such that for every q we have the matrix-type equation
Aµνρτ (q)Gρτσλ(q) = − 4i
M2
P (f)µνσλ(q). (128)
The solution reads
Gρτσλ = − 2i
M2q2
(
P˜ρσP˜τλ + P˜ρλP˜τσ − P˜ρτ P˜σλ
)
= − 2i
M2q6
{
q4(ηρσητλ + ηρλητσ − ηρτ ησλ)
− q2(ηρσqτqλ + ητλqρqσ + ηρλqτqσ + ητσqρqλ
− ηρτ qσqλ − ησλqρqτ ) + qρqτqσqλ
}
.
(129)
It is manifestly Lorentz covariant, with both sides of eq. (129)
transforming as appropriate tensors. The ingredient that
makes the inversion of Γ(2) unique is four-dimensional trans-
lation invariance.
The components of G are
G0000 = − 2ik
4
M2q6
,
Gm000 =
2iωk2km
M2q6
,
Gm0n0 =
2i
M2
{
k2
q4
δmn − k
2kmkn
q6
}
,
Gmn00 = − 2i
M2
{
k2δmn − 2kmkn
q4
+
k2kmkn
q6
}
,
Gmnp0 = −2iω
M2
{ 1
q4
(δmpkn + δnpkm − δmnkp)
− kmknkp
q6
}
,
Gmnpq = − 2i
M2
{ 1
q2
(δmpδnq + δmqδnp − δmnδpq)
− 1
q4
(δmpknkq + δnqkmkp + δmqknkp + δnpkmkq
− δmnkpkq − δpqkmkn) + kmknkpkq
q6
}
,
(130)
with all other components obtained by appropriate index per-
mutations using the symmetries ofG. For fixed km we observe
that the divergence for ω2 → k2 can be up to q−6.
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6.4. Irreducible representations of Lorentz symmetry
In flat space the irreducible representations of the Lorentz
group are given for fµν by a scalar σ and a traceless diver-
gence free tensor tµν ,
σ = fµµ , fµν = tµν +
1
4
σηµν + s˜µν ,
s˜µν =
(
1
12
ηµν − qµqν
3q2
)
σ,
(131)
with tµν traceless and divergence free,
tµµ = 0, q
νtµν = 0. (132)
This is a special case of eq. (91). Using
fµν = tµν + sµν = tµν +
1
3
P˜µνσ (133)
one has Sˆµν = P˜µν/3. Contractions with the transversal pro-
jector obey the simple properties
P˜µνtµν = 0, P˜
µνfµν = σ. (134)
The metric correlation (129), (130) can be decomposed into
contributions from the different irreducible Lorentz represen-
tations. For the scalar part we infer
Gσσµνρτ =
1
9
P˜µν P˜ρτG
σσ ,
Gσσ = P˜ ρτ P˜ σλGρτσλ =
6i
M2q2
∼ 〈σσ〉c.
(135)
Here 〈σσ〉c symbolizes the relation
〈σ(q)σ(−q′)〉c = Gσσδ(q − q′). (136)
The mixed term vanishes
Gtσρτ = GρτσλP˜
σλ − 1
3
P˜ρτG
σσ = 0, (137)
and similar for Gσtρτ . The transversal traceless correlation
function therefore reads
Gttµνρτ = Gµνρτ −
1
9
P˜µν P˜ρτG
σσ
= − 2i
M2q2
(P˜µρP˜ντ + P˜µτ P˜νρ − 2
3
P˜µν P˜ρτ ),
∼ 〈tµνtρτ 〉c.
(138)
These Lorentz invariant Green’s functions correspond to par-
ticular solutions of the propagator equation (98).
We may employ the projector onto the traceless and diver-
gence free part of the metric fluctuations,
P (t)µνρτ =
1
2
(P˜µρP˜ντ + P˜µτ P˜νρ)− 1
3
P˜µν P˜ρτ . (139)
It obeys
P (t)ρτµν hρτ = tµν ,
P (t)ρτµν P
(t)σλ
ρτ = P
(t)σλ
µν .
(140)
In terms of this projector the Green’s function reads
Gttµνρτ = −
4i
M2q2
P (t)µνρτ . (141)
We also use the projector onto the σ-mode
P (σ)µνρτ =
1
3
P˜µν P˜ρτ (142)
with
P (f)µνρτ = P
(t)
µνρτ + P
(σ)
µνρτ (143)
and
P (σ)ρτµν hρτ = sµν . (144)
In terms of this projector one has
Gσσµνρτ =
2i
M2q2
P (σ)µνρτ . (145)
We observe the relations
P (t)ρτµν P
(f)λσ
ρτ = P
(t)λσ
µν ,
P (σ)ρτµν P
(f)λσ
ρτ = P
(σ)λσ
µν ,
P (t)ρτµν P
(σ)λσ
ρτ = 0.
(146)
The metric correlation function (129) can be written in terms
of the projectors P (t) and P (σ) as
Gµνρτ = G
tt
µνρτ +G
σσ
µνρτ = −
4i
M2q2
(
P (t)µνρτ −
1
2
P (σ)µνρτ
)
.
(147)
Similarly, the second functional derivative (107) obeys
Γ(2)µνρτ =
iM2q2
4
(
P (t)µνρτ − 2P (σ)µνρτ
)
. (148)
Using the projector properties (146) one verifies easily that
eqs. (147) and (148) obey the propagator equation.
6.5. Irreducible representations of rotation symmetry
With respect to the subgroup of space-rotations the trace σ
transforms as a scalar. The part tµν can be reduced to tensor,
vector and scalar components, γmn,Wm and κ,
t00 = κ, tm0 =Wm − ωkm
k2
κ,
tmn = γmn − ω
k2
(kmWn + knWm)
+
(
q2δmn
2k2
+
2k2 − 3q2
2k4
kmkn
)
κ,
(149)
with
δmnγmn = 0, k
mγmn = 0, k
mWm = 0. (150)
We further decompose the metric correlation function into
contributions from different representations of the rotation
symmetry. This will be useful for the matching with more
general geometries that represent homogeneous and isotropic
cosmologies, but no longer exhibit Lorentz symmetry.
For the scalar part of the transversal correlation function
we define
Gκκ = Gκκ0000 = G
tt
0000 = −
8ik4
3M2q6
∼ 〈κκ〉c. (151)
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The scalar contribution to other index combinations of the
transversal traceless correlation function (138) can be ob-
tained by employing relations of the type
Gκκm000 = 〈t(κ)m0t(κ)00 〉c = 〈t(κ)m0κ〉c
= −ωkm
k2
〈κκ〉c = −ωkm
k2
Gκκ,
(152)
with t
(κ)
m0 the part in tm0 proportional to κ. This yields
Gκκm000 = −
ωkm
k2
Gκκ =
8iωk2km
3M2q6
,
Gκκm0n0 =
ω2kmkn
k4
Gκκ = −8iω
2kmkn
3M2q6
,
Gκκmn00 =
(
q2δmn
2k2
+
8k2 − 3q2
3k4
kmkn
)
Gκκ,
(153)
and similarly for the other components.
The transverse vector component obtains as
GWWm0n0 = G
tt
m0n0 −Gκκm0n0 = GWWmn
=
2i
M2q4
(k2δmn − kmkn) ∼ 〈WmWn〉c,
(154)
while
GWWmnpq =
ω2
k4
(kmkpG
WW
nq + kmkqG
WW
np
+ knkpG
WW
mq + knkqG
WW
mp )
=
2ik2
M2q4
(BmBpQnq +BmBqQnp
+BnBpQmq +BnBqQmp),
(155)
and
GWWmnp0 = BmG
WW
np +BnG
WW
mp
=
2ik2
M2q4
(BmQnp +BnQmp).
(156)
Here we employ the three dimensional projector
Qmn = δmn − kmkn
k2
,∑
n
QmnQnp = Qmp,
∑
m
kmQmn = 0,
∑
m
Qmm = 2.
(157)
We also introduce the shorthand
Bm = −ωkm
k2
. (158)
For the objects carrying only space indices as Qmn or Bm we
will raise indices with δmn, such that Qmm = 2, Q
n
mBn = 0,
etc.
We can write the decomposition of tµν in terms of Qmn and
Bm
tm0 =Wm +Bmκ,
tmn = γmn +BmWn +BnWm
+
(
q2
2k2
Qmn +BmBn
)
κ.
(159)
This simplifies the explicit representation of particular com-
ponents, as
Gκκmnpq =
{ q4
4k4
QmnQpq +
q2
2k2
(QmnBpBq +BmBnQpq)
+ BmBnBpBq
}
Gκκ.
(160)
The transversal tensor part can now be extracted as
Gγγmnpq = G
tt
mnpq −GWWmnpq −Gκκmnpq
= − 2i
M2q2
(QmqQnp +QmqQnp −QmnQpq)
∼ 〈γmnγpq〉c.
(161)
We observe that Gγγµνρτ vanishes if at least one of the indices
equals zero, and GWWµνρτ is nonzero only for the index com-
binations µνρτ ∈ {m0n0, m0np, mpn0, mpnq}, with per-
mutations according to the symmetries µ → ν, ρ ↔ τ and
(µν)↔ (ρτ). All mixed terms vanish, such that
Gµνρτ = G
σσ
µνρτ +G
κκ
µνρτ +G
WW
µνρτ +G
γγ
µνρτ . (162)
It is straightforward to verify this by a direct computation.
The different pieces of the Green’s function can also be
obtained from eq. (141) by the use of suitable projectors,
P (t)µνρτ = P
(γ)
µνρτ + P
(W )
µνρτ + P
(κ)
µνρτ , (163)
with
Gγγµνρτ = −
4i
µ2q2
P (γ)µνρτ ,
GWWµνρτ = −
4i
M2q2
P (W )µνρτ ,
Gκκµνρτ = −
4i
M2q2
P (κ)µνρτ .
(164)
The projector onto the graviton mode
P (γ)pqmn =
1
2
(QpmQ
q
n +Q
q
mQ
p
n −QmnQpq) (165)
obeys
P (γ)pqmn hpq = γmn, P
(γ)
mn
pqP (γ)pq
rs = P (γ)mn
rs, (166)
and
P (γ)pqmn Qpq = 0, P
(γ)pq
mn kq = 0. (167)
As for Qmn the indices of P
(γ)
mnpq are raised and lowered with
δmn, δmn. All components pf P
(γ) with at least one index
equal to zero vanish.
The projector onto the vector part obeys
P (W )mnpq = −
k2
2q2
(BmBpQnq +BmBqQnp
+BnBpQmq +BnBqQmp),
(168)
and
P
(W )
mnp0 = −
k2
2q2
(BmQnp +BnQmp), (169)
with similar components obtained by index-symmetries. One
also has
P
(W )
m0n0 = −
k2
2q2
Qmn, P
(W )
mn00 = 0, (170)
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while the components of P (W ) with three of four indices zero
vanish. One verifies the relations
P
(W )ρτ
m0 tρτ =Wm,
P (W )ρτmn tρτ = BmWn +BnWm,
(171)
as well as the projector property
P (W )αβµν P
(W )ρτ
αβ + P
(W )ρτ
µν , (172)
and the orthogonality
P (γ)αβµν P
(W )ρτ
αβ = 0, P
(W )αβ
µν P
(γ)ρτ
αβ = 0. (173)
Finally, the projector P (κ) can be extracted from eq. (163),
employing eqs. (140), (166) and (168) to (170). It is orthog-
onal to P (γ) and P (W ) and obeys P (κ))2 = P (κ).
6.6. Effective action for physical metric fluctuations
So far we have computed the correlation function by first de-
riving the form (107) of Γ(2) for arbitrary metric fluctuations
hµν , and subsequently inverting it on the space of functions
fµν . The resulting Green’s function was then decomposed
into irreducible representations of the symmetry groups. One
may also proceed more directly by inserting hµν = tµν + sµν
directly in Γ2, decomposing into irreducible representations,
taking functional derivatives with respect to these indepen-
dent representations and performing the inversion at the end.
We briefly show here that the two procedures are equivalent.
We first employ that the pieces for tµν and σ decouple in
Γ2,
Γ2 = Γ
(t)
2 + Γ
(σ)
2 , (174)
with (tµν(−q) = t∗µν(q))
Γ
(t)
2 =
iM2
8
∫
q
q2tµν(−q)tµν(q)
=
iM2
8
∫
q
q2tµν(−q)P (t)µνρτ tρτ (q)
(175)
and
Γ
(σ)
2 =
iM2
8
∫
q
q2
[
sµν(−q)sµν(q)− 3
4
σ(−q)σ(q)
]
= − iM
2
12
∫
q
q2σ(−q)σ(q).
(176)
Variation with respect to the independent fluctuations tµν
and σ yields
Γ(2)σσ = −
iM2q2
6
(177)
and
Γ
(2)µνρτ
tt =
iM2q2
4
P (t)µνρτ . (178)
These expressions are easily inverted. The corresponding cor-
relation functions Gσσ and Gttµνρτ coincide with eqs. (135)
and (138).
For comparison it is also instructive to decompose fµν into
a trace and traceless part
hµν = bµν +
1
4
σηµν + aµν = fµν + aµν ,
ηµνbµν = 0, bµνq
ν = −1
4
σqµ.
(179)
One finds
Γ(2)µνρτhρτ = Γ
(2)µνρτ (bρτ +
1
4
σηρτ )
=
iM2
4
{
q2bµν + (qµqν − 3
4
ηµνq2)σ
} (180)
and therefore
Γ2 =
iM2
8
∫
q
q2
[
bµν(−q)bµν(q)− 3
4
σ(−q)σ(q)]. (181)
One should recall, however, that bµν is not unconstrained, cf.
eq. (71), such that the σ-propagator cannot be obtained by
variation of eq. (181) at fixed bµν .
6.7. Effective action for scalar, vector and graviton modes
We can further decompose Γ
(t)
2 into pieces corresponding to
the irreducible representations of the rotation group,
Γ
(t)
2 = Γ
(γ)
2 + Γ
(W )
2 + Γ
(κ)
2 . (182)
With
tµνt
µν = γmnγmn − 2q
2
k2
WmWm +
3q4
2k2
κ2 (183)
one obtains
Γ
(γ)
2 =
iM2
8
∫
q
q2γmn(−q)P (γ)mnpqγpq(q),
Γ
(W )
2 = −
iM2
4k2
∫
q
q4Wm(−q)QmnWn(q),
Γ
(κ)
2 =
3iM2
16k4
∫
q
q6κ(−q)κ(q).
(184)
The corresponding pieces of the second functional derivative
are
Γ(2)mnpqγγ =
iM2q2
4
P (γ)mnpq,
Γ
(2)mn
WW = −
iM2q4
2k2
Qmn
Γ(2)κκ =
3iM2q6
8k4
.
(185)
The Green’s functions Gκκ, GWW and Gγγ follow by simple
inversion and coincide with eqs. (151), (154) and (161).
6.8. Gauge invariant Bardeen potentials
The physical metric fluctuations fµν or γmn,Wm, κ and σ
are “gauge invariant” in the same sense as the well known
Bardeen potentials, i.e. that they are not affected by an
infinitesimal diffeomorphism transformation of g¯µν . It is in-
structive to express the scalars σ and κ in terms of the “gauge
invariant” Bardeen potentials [9] Φ and Ψ, and to employ the
gauge invariant vector fluctuation
Ωm =
q2
k2
Wm. (186)
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The correlation function for Ωm,
GΩΩmn =
q4
k4
GWWmn =
2i
M2k2
Qmn ∼ 〈ΩmΩn〉c (187)
is independent of ω. This shows that Ωm is not a propagating
degree of freedom, but rather a constrained field.
The Bardeen potentials are given by (cf. appendix D)
Φ =
q2
4k2
κ+
1
6
σ,
Ψ =
q2(k2 − 3q2)
4k4
κ+
1
6
σ,
(188)
such that
κ =
4k4
3q4
(Φ−Ψ),
σ =
2
q2
[
k2Ψ+ (3q2 − k2)Φ]. (189)
The correlation functions for the Bardeen potentials read
Gφφ =
q4
16k4
Gκκ +
1
36
Gσσ = 0
GΨΨ =
q4(k2 − 3q2)2
16k8
Gκκ +
1
36
Gσσ
=
i
M2k2
(
1− 3q
2
2k2
)
= − i
2M2k2
(
1− 3ω
2
k2
)
,
GΦΨ = GΨΦ =
q4(k2 − 3q2)
16k6
Gκκ +
1
36
Gσσ =
i
2M2k2
.
(190)
Again, the propagator matrix in the (Φ,Ψ)-space has no pole
for k 6= 0 such that Φ and Ψ are not propagating.
The fact that the Bardeen-potentials are not propagating
implies that their mode functions vanish in the absence of
sources. This does not imply that the correlation function of
the metric in the scalar and vector channel vanishes, as obvi-
ous from our explicit computations. This simple finding tells
us that correlations functions cannot always be constructed
as products of mode functions.
6.9. Time-dependent correlation functions
For cosmology one needs the metric correlation as a func-
tion of time. More precisely, the correlation function is bilin-
ear in the fields and therefore involves two time arguments.
The power spectrum of primordial fluctuations is given by the
equal-time correlation function where the two time arguments
coincide. In general, geometries relevant for cosmology do not
show time translation invariance. Correlation functions are
specified by initial conditions. Under many circumstances
these initial values can be given by the Lorentz-invariant cor-
relation function in flat space. This holds if the relevant mo-
mentum of the mode is much larger than all geometric scales
given by curvature etc.
For the time translation invariant correlation in flat space
G only depends on the difference of the two time ar-
guments. Starting from the Green’s function in four-
dimensional Fourier space derived previously, the dependence
of the correlation function on time obtains by a Fourier trans-
form
G(η − η′,k) =
∞∫
−∞
dω
2π
e−iω(η−η
′)G(ω,k). (191)
Here we use the symbol η for conformal time in view of later
comparison with a homogeneous and isotropic background.
(For flat space with a = 1 one has t = η.) The time trans-
lation symmetry is reflected by a time dependence only in-
volving the difference η − η′. Analytic continuation replaces
ω → ω(1 + iǫ), q2 → k2 − ω2 − 2iǫω2, and the determinant√
g = i(1+iǫ). We define the ω-integration as the limit ǫ→ 0
of the analytically continued integration. This fixes the in-
tegration contour around the poles of the propagator. (See
ref. [18] for a motivation of this procedure for the context of
cosmology.) For example, one has
−
∫
ω
i
q2
e−iω(η−η
′) = − lim
ǫ→0
∞∫
−∞
dω
2π
i(1 + iǫ)e−iω(η−η
′)
k2 − ω2 − 2iǫω2
=
1
2k
e−ik|η−η
′|,
(192)
where
∫
ω
=
∫
dω/2π and k > 0. We infer from eq. (161) the
flat space graviton propagator
Gγγmnpq = GgravP
(γ)
mnpq,
Ggrav(k, η, η
′) =
2
M2k
e−ik|η−η
′|.
(193)
The Fourier transforms of q−4 and q−6 follow from
−
∫
ω
i
q4
e−iω(η−η
′) =
1
2k
∂
∂k
∫
ω
i
q2
e−iω(η−η
′)
=
1
4k3
[
1 + ik|η − η′|]e−ik|η−η′|, (194)
and
−
∫
ω
i
q6
e−iω(η−η
′) =
1
4k
∂
∂k
∫
ω
i
q4
e−iω(η−η
′)
=
3
16k5
[
1 + ik|η − η′| − k
2
3
(η − η′)2]e−ik|η−η′|. (195)
(We omit in these results a factor exp(−ǫ|η − η′|) that will
be needed for a well defined transformation from three-
dimensional Fourier space to position space.) We infer the
scalar correlation functions
Gσσ = − 3
M2k
e−ik|η−η
′|,
Gκκ =
1
2M2k
[
1 + ik|η − η′| − k
2
3
(η − η′)2
]
e−ik|η−η
′|,
(196)
and the vector correlation
GWWmn = −
Qmn
2M2k
[1 + ik|η − η′|]e−ik|η−η′|. (197)
We observe the negative value of the equal time correlation
functions Gσσ and GWW .
We also may employ the relation
∫
ω
ωf(ω, k)e−iω(η−η
′) = i∂η
∫
ω
f(ω, k)e−iω(η−η
′). (198)
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One infers the Fourier transforms∫
ω
ω
q4
e−iω(η−η
′) = − (η − η
′)
4k
e−ik|η−η
′|,∫
ω
ω
q6
e−iω(η−η
′) = − (η − η
′)
16k3
[1 + ik|η − η′|]e−ik|η−η′|.
(199)
This allows us to compute all components of the full metric
correlation (129) and (130), e.g.
G0000 =
3
8M2k
[
1 + ik|η − η′| − k
2
3
(η − η′)2]e−ik|η−η′|,
Gm000 = − ikm(η − η
′)
8M2k
[1 + ik|η − η′|] e−ik|η−η′|,
Gm0n0 = − 1
2M2k
{
Qmn
[
1 + ik|η − η′|]
+
1
4
kmkn
k2
[
1 + ik|η − η′|+ k2(η − η′)2]}e−ik|η−η′|,
Gmn00 =
1
2M2k
{
(1 + ik|η − η′|) δmn
− kmkn
4k2
[
5 (1 + ik|η − η′|) + (η − η′)2]}e−ik|η−η′|,
Gmnp0 =
i(η − η′)
2M2k
{
δmpkn + δnpkm
− δmnkp − kmknkp
4k2
(1 + ik|η − η′|)
}
e−ik|η−η
′|,
Gmnpq =
1
M2k
{
δmpδnq + δmqδnp − δmnδpq
− 1
2k2
(δmpknkq + δnqkmkp + δmqknkp + δnpkmkq
− δmnkpkq − δpqkmkn) (1 + ik|η − η′|)
+
3kmknkpkq
8k4
(
1 + ik|η − η′|
− k
2
3
(η − η′)2
)}
e−ik|η−η
′|.
(200)
As a check, we may compute the Newton potential from
G0000 = W
(2)
0000 according to eq. (53). From eq. (200) one
obtains ∫
η′
G0000(η − η′,k) = − 2i
M2k2
. (201)
The three dimensional Fourier transform yields indeed the fa-
miliar form (53). We can also relate the Newton potential to
the correlation functions for the Bardeen potentials using
f00 =
2k2
q4
(ω2Φ− k2Ψ) (202)
and eq. (190),
G0000 =
4k6
q8
(k2GΨΨ − 2ω2GΦΨ). (203)
This demonstrates in a simple way that the correlation func-
tion for the Bardeen potentials cannot vanish.
The equal time correlation G0000 is positive,
G0000(k, η, η) =
3
8M2k
, (204)
while we observe negative values of the equal time correlation
in the vector channel, e.g.
δmnGm0n0(k, η, η) = − 9
8M2k
. (205)
The correlation functions (200) show discontinuities at
η = η′. Applying η-derivatives may produce singular terms
∼ δ(η − η′). For first and second derivatives one finds that
the only such term arises from
∂2ηG
(sing)
mnpq = −
2i
M2
(δmpδnq + δmqδnp − δmnδpq) δ(η − η′).
(206)
We also note the “secular” increase of G for increasing |η−η′|.
This is essentially due to the presence of projectors. Equa-
tion (123) is an inhomogeneous second order differential equa-
tion. The projector on the r.h.s. shows itself secular behavior.
Indeed, the projector onto the physical metric fluctuations
does not vanish for η 6= η′,
P (f)µνρτ (k, η, η
′) =
∫
ω
e−iω(η−η
′)P (f)µνρτ (ω,k). (207)
For example, the component P (f)0000 is the Fourier transform
of k4/q4, e.g.
P (f)0000 =
ik
4
[1 + ik|η − η′|] e−ik|η−η′|. (208)
It shows a secular increase for large |η − η′|. For η > η′ one
has
(∂2η + k
2)P (f)0000 =
ik3
2
e−ik(η−η
′),
(∂2η + k
2)2P (f)0000 = 0.
(209)
Only expressions as (∂2η + k
2)(∂2η′ + k
2)P (f)0000(η, η
′) or
(∂2η + k
2)2P (f)0000(η, η
′) are proportional to δ(η − η′).
6.10. Propagator with gauge fixing
So far we have discussed the correlation function for the met-
ric by restricting to the physical metric fluctuations and em-
ploying the corresponding projector P (f) in the propagator
equation. An equivalent description of this correlation func-
tion can be found in a gauge fixed version if the gauge fixing
enforces vanishing gauge fluctuations, aµν = 0. (This does
not hold for arbitrary gauge fixing.) For our purpose we may
employ the gauge fixing
Γgf =
1
2β
∫
g¯1/2hνµ;νh
µρ
;ρ
=
i
2β
∫
q
qνqρηµτh∗µν(q)hρτ (q),
(210)
and take the limit β → 0 at the end.
In the presence of gauge fixing we can consider uncon-
strained metric fluctuations hµν . The metric correlation is
defined for arbitrary hµν and depends, in general, on the
gauge fixing. The gauge fixing (210) adds to Γ(2) in eq. (107)
a term
Γ
(2)µνρτ
gf =
i
4β
(qµqρηντ + qνqρηµτ + qµqτηνρ + qνqτηµρ).
(211)
The propagator equation has now the unit matrix on the r.h.s.
and no longer a projector
(Γ
(2)
ph + Γ
(2)
gf )
µνρτGρτσλ =
1
2
(δρµδ
τ
ν + δ
τ
µδ
ρ
ν). (212)
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Here Γ
(2)
ph is given by eq. (107) or (111). The operator
Γ(2) = Γ
(2)
ph + Γ
(2)
gf can be inverted on the full space of ar-
bitrary metric fluctuations.
For the solution of eq. (212) we make the ansatz
Gρτσλ = G
ph
ρτσλ + βG
gf
ρτσλ, (213)
with Gph given by eq. (129). With
Γ
(2)
gf G
ph = 0 (214)
eq. (212) becomes[
i
2
(qµqρηντ + qνqρηµτ ) + βΓ
(2)µνρτ
ph
]
Ggfρτσλ
=
1
2
(δµσδ
ν
λ + δ
µ
λδ
ν
σ)− P (f)µνσλ = P (a)µνσλ
=
1
2q2
(qµqσδ
ν
λ + q
νqσδ
µ
λ + q
µqλδ
ν
σ + q
νqλδ
µ
σ)
− q
µqνqσqλ
q4
.
(215)
The solution reads
Ggfρτσλ = −
i
q4
(
qρqσητλ + qτ qσηρλ + qρqλητσ
+ qτ qληρσ − 3
q2
qρqτ qσqλ
)
,
(216)
and obeys
Γ
(2)
phG
gf = 0. (217)
In the limit β → 0 the contribution from Ggf to the metric
correlation (213) vanishes. We recover the result based on a
formulation in terms of constrained physical metric fluctua-
tions.
We can decompose aµν into two representations of the
Lorentz group, a divergence free vector cµ and a scalar d,
aµ = cµ + ∂µd, ∂
µcµ = 0,
aµν = i (qµcν + qνcµ)− qµqνd.
(218)
For this purpose we may employ projectors
P (d)ρτµν =
1
q4
qµqνq
ρqτ , P (d)ρτµν hρτ = −qµqνd, (219)
and
P (c)ρτµν =
1
2q2
(
qµq
ρδτν + qνq
ρδτµ + qµq
τ δρν + qνq
τ δρµ
)
− 2
q4
qµqνq
ρqτ ,
P (c)ρτµν hρτ = i (qµcν + qνcµ) .
(220)
They obey
P (c)ρτµν P
(d)λσ
ρτ = 0, P
(a)ρτ
µν = P
(c)ρτ
µν + P
(d)ρτ
µν . (221)
In terms of these projectors we may write
Γ
(2)µνρτ
gf =
iq2
2β
(
P (c)µνρτ + 2P (d)µνρτ
)
, (222)
and
Ggfµνρτ = −
2i
q2
(
P (c)µνρτ +
1
2
P (d)µνρτ
)
. (223)
Using the orthogonality of the projectors the propagator
equation (212) decays into four separate equations for the
Lorentz representations tµν , σ, cµν and d. For arbitrary β the
propagator equation for Gph is given by eq. (123).
7. Off-shell metric propagator
In quantum gravity one needs the effective action for arbitrary
values of the metric, at least in the vicinity of the final cosmo-
logical solution. This permits to get the response to arbitrary
conserved sources by eq. (45). Functional derivatives of the
effective action yield field equations, inverse propagator and
interactions. It is not sufficient to evaluate Γ only for a given
cosmological solution. A computation of the effective action
for quantum gravity is an off-shell problem, and one therefore
needs the off-shell propagator for the metric fluctuations.
If one employs the exact flow equation (1) one may use a
given cosmological solution for the background metric that
is used in the definition of the constraint on physical metric
fluctuations or the physical gauge fixing, as well as in the def-
inition of the IR-cutoff Rk. This cosmological solution refers
to k = 0 or some fixed value k0. Evaluating the flow of Γk
for metrics equal to the background metric will involve the
on-shell propagator only if k = k0. During the flow with
k 6= k0 the propagator Gk will be off-shell. For k 6= k0 the
on-shell propagator would correspond to solutions of the field
equations derived from Γk + ∆Γk, where ∆Γk contains the
cutoff term [1]. These solutions differ from the solutions of
the field equations derived from Γk0 . The flow equation there-
fore involves the off-shell propagator even if we evaluate it for
a solution of the field equations derived from Γk0 .
At the end one is interested in on-shell quantities as the
power spectrum of fluctuations which can be extracted from
the on-shell propagator. It is therefore interesting to under-
stand how the particular properties of on-shell propagators
arise within the extended space of off-shell propagators. Our
approach treats off-shell propagators and on-shell propaga-
tors on equal footing. In this section we explicitly discuss
the off-shell metric propagator in flat space. It obtains by
admitting V 6= 0 in the action (64).
Expanding around a flat background in the presence of a
nonvanishing cosmological constant V adds to Γ2 in eq. (104)
a term
Γ
(V )
2 = iV
∫
x
(
1
8
h2 − 1
4
hρµh
µ
ρ
)
. (224)
In turn, this supplements a constant piece to the second func-
tional derivative
Γ
(2)µνρτ
(V ) =
iV
4
(ηµνηρτ − ηµρηντ − ηµτηνρ). (225)
In momentum space this piece adds to eq. (107).
Applying the inverse propagator on the gauge fluctuations
yields
Γ
(2)µνρτ
(V ) aρτ =
V
2
(qµaν + qνaµ − qρaρηµν). (226)
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In contrast to eq. (108) the off-shell inverse propagator is
therefore no longer acting only in the space of physical fluc-
tuations. For constraint physical metric fluctuations, or for
a “physical gauge fixing” with α → 0, we therefore have to
project onto the physical fluctuations. This is most easily
done by insertion of the decomposition
hµν = fµν + aµν
= tµν +
1
3
σP˜µν + i(qµaν + qνaµ)
(227)
into eq. (224),
Γ
(V )
2 = iV
(
σ2
24
− 1
4
tνµt
µ
ν +∆V
)
, (228)
with
∆V =
1
4
(qµa
µ)2 +
iσ
2
qµaµ +
1
2
q2aµa
µ. (229)
The projection on the physical metric fluctuations eliminates
∆V . In the gauge fixed version this is achieved by enforcing
qµaν+qνaµ = 0 through the gauge condition. The projection
on physical fluctuations replaces hµν by fµν in eq. (224). This
results in multiplication of Γ
(2)
V in eq. (225) by P
(f) from left
and right.
Combining the part for tµν in eq. (228) with eq. (175)
one recovers eq. (83). Correspondingly, the second functional
derivative (178) is extended to
Γ
(2)µνρτ
tt =
iM2
4
(
q2 − 2V
M2
)
P (t)µνρτ . (230)
Similarly, the combination of the σ-dependent part in
eq. (228) with eq. (176) is consistent with eq. (94). This
modifies the second functional derivative (177),
Γ(2)σσ = −
iM2
6
(
q2 − V
2M2
)
. (231)
For the representations of the rotation group eq. (230)
can be taken over by using the decomposition (163) of
the projector P (t). Correspondingly, the off-shell correla-
tion functions Gγγ , GWW and Gκκ obtain from their on-
shell counterparts (151), (154) and (161) by multiplication
with q2/(q2 − 2V/M2). For Gσσ the multiplicative factor is
q2/(q2 − V/2M2). The index structure and k-dependence
arising from the projectors remains unchanged.
These simple observations have important consequences for
quantum gravity. For V < 0 the negative cosmological con-
stant acts like a mass term for the graviton, with mass given
by
√
−2V/M2. It provides for an infrared cutoff for the gravi-
ton fluctuations. In contrast, a positive cosmological constant
V > 0 makes the graviton fluctuations tachyonic. The nega-
tive mass term −2V/M2 leads to a strong infrared instability.
This concerns the momentum modes with q2 ≈ 2V/M2.
One infers that the on-shell metric propagator has a very
special place in the space of metric propagators. It is located
at the boundary between stable and unstable behavior. The
particular property that the graviton is massless is realized
only on-shell.
The case of a positive cosmological constant is of particular
interest. We concentrate on the graviton propagator, where
for Gγγ = GgravP
(γ) one has now in Fourier space
Ggrav = − 4i
M2
(
q2 − 2V
M2
)−1
. (232)
The Fourier transform (191) to position space in time,
Ggrav(η − η′,k) = − 4i
M2
∫
ω
e−iω(η−η
′)
k2 − 2V/M2 − ω2 − 2iǫω2 ,
(233)
obeys
Ggrav =
{
2
M2k¯(V )
e−ik¯(V )|η−η
′| for k2 > 2VM2
2i
M2k¯(V )
e−k¯(V )|η−η
′| for k2 < 2VM2
. (234)
where
k¯(V ) =
√
|k2 − 2V/M2|. (235)
One may check that Ggrav obeys the propagator equation,
which reads for k2 < 2V/M2
− iM
2
4
(
∂2η + k¯
2(V )
)
Ggrav(η, η
′) = δ(η − η′). (236)
The solution (234) is not the only solution of the propaga-
tor equation (236). For k2 < 2V/M2 another solution is
Ggrav = − 2i
M2k¯(V )
ek¯(V )|η−η
′|. (237)
This solution grows exponentially with |η − η′|, instead of
the exponential decay in eq. (234). The general solution
can be constructed from mode functions w± that obey for
k2 < 2V/M2 (
∂2η + k¯
2(V )
)
w±(η) = 0. (238)
We normalize the mode functions according to
w±k (η) = [2k¯(V )]
−1/2e∓iπ/4e±k¯(V )η. (239)
Taking into account the symmetry of the propagator one finds
for the general solution to the propagator equation (236) (for
k2 < 2V/M2),
Ggrav(k, η, η
′) = Ggrav(k, η
′, η) =
4
M2
{
c−k
[
w−k (η)w
+∗
k (η
′)θ(η − η′) + w+∗k (η)w−k (η′)θ(η′ − η)
]
+ c+k
[
w+k (η)w
−∗
k (η
′)θ(η − η′) + w−∗k (η)w+k (η′)θ(η′ − η)
]
+ d−k
[
w−k (η)w
+∗
k (η
′) + w+∗k (η)w
−
k (η
′)
]
+ d+k
[
w+k (η)w
−∗
k (η
′) + w−∗k (η)w
+
k (η
′)
]
+ e+w+k (η)w
+∗
k (η
′) + e−w−k (η)w
−∗
k (η
′)
}
.
(240)
The inhomogeneous term on the r.h.s of eq. (236) yields a
constraint for the coefficients,
c−k + c
+
k = 1. (241)
The other coefficients are free. Time translation symmetry is
obeyed for e+ = e− = 0. The solution (234) corresponds to
c−k = 1, with all other coefficients vanishing, while eq. (237)
is realized for c+k = 1 as the only non-vanishing coefficient.
Finding the “correct propagator” amounts to an initial
value problem [18], with Gingrav(k) an “initial correlation”, typ-
ically given for η′ → −∞, η → −∞, with η close to η′. In
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the approximation (64) for the effective action the coefficients
c±k , d
±
k , e
±
k do not depend on η or η
′. Realizing the correla-
tion function (234) requires a particular initial value for which
only c−k = 1 differs from zero. In a more complete treatment
one expects that the propagator equation no longer remains
linear [18]. For V ≤ 0 this may induce an approach to the
correlation function (234) for rather general initial conditions.
For V > 0, k2 < 2V/M2, however, the nonlinearities typically
induce non-zero d±k . Even if c
−
k remains one (and c
+
k there-
fore zero), the parts ∼ d±k are exponentially growing and will
overwhelm the exponentially decaying part ∼ c−k . At the end
the exponentially growing parts will win. For non-zero expo-
nentially growing parts no Fourier transform to momentum
space exists - this is the reason why the growing parts do not
appear in the Fourier transform of eq. (232).
In a quantum gravity computation an exponentially grow-
ing unstable propagator would lead to huge uncontrollable
effects. It seems therefore plausible that quantum fluctua-
tions act in a way such that the quantum effective action
does not lead to this type of unstable propagator. This may
be achieved by strong renormalization effects for V .
8. Mode functions in homogeneous and
isotropic cosmology
In this section we turn to the discussion of the metric corre-
lation function in cosmology. We assume a homogeneous and
isotropic background geometry with vanishing spacial curva-
ture. For the propagating graviton the general solution of
the propagator equation can be described in terms of mode
functions. The normalization of the correlation function is
only restricted by the inhomogeneous term in the propagator
equation - no explicit quantum field operators and associ-
ated commutation relations are needed [19], [18]. The mode
functions coincide with the solution of the linearized Einstein
equations only in the case where the background geometry
obeys the field equations. For the vector and scalar modes
contained in the metric the propagator equation cannot al-
ways be solved by mode functions.
8.1. Metric fluctuations for homogeneous and isotropic
cosmology
A homogeneous and isotropic background metric with zero
spatial curvature can be written in the form
g¯µν = a
2(η)ηµν , H(η) = ∂ ln a(η)
∂η
, (242)
with η conformal time and a(η) the scale factor. Analytic
continuation can be easily implemented by admitting a com-
plex phase factor for η00 such that η00 = −1 for Minkowski
signature and η00 = 1 for euclidean signature. We will as-
sume that η extends from −∞ to +∞, as typical for realistic
cosmologies. We also assume that boundary terms can be ne-
glected in the sense that partial integration for η-dependent
functions can be performed.
For certain limiting cases as de Sitter space the scale factor
may diverge at finite η, e.g.
a = − 1
Hη
, H = −1
η
. (243)
In this case one may formally patch a de Sitter geometry with
increasing a2 for η < 0 to one with decreasing a2 for η > 0
by taking the limit ǫ→ 0 for
a2 =
1
H2 (η − iǫ)2 , H = −
1
η − iǫ . (244)
Since the propagator equation is local in η and the correlation
function is fixed by initial values for a differential equation,
this formal continuation does not matter for the correlation
function for arguments η, η′ obeying |η/ǫ| ≫ 1, |η′/ǫ| ≫ 1.
It is convenient to perform a Fourier transformation in the
three space dimensions, e.g.
fµν(x) = fµν(η,x) =
∫
d3k
(2π)3
eikxfµν(η,k), (245)
and similar for other fields. We assume space-translation sym-
metry of the correlation functions. The propagator equation
can then be decomposed into separate equations for each k-
mode.
For a homogeneous and isotropic cosmology the scalar co-
variant Laplacian reads explicitly
D2σ = −a−2(∂2η + 2H∂η + k2)σ, (246)
with k2 = δmnkmkn = a
2kmkm. For the components of σ;µν
one finds
σ;00 = (∂
2
η −H∂η)σ, σ;m0 = ikm(∂η −H)σ,
σ;mn = −(kmkn +Hδmn∂η)σ.
(247)
For a symmetric traceless tensor bµν one has D
2bµν = bµν;
ρ
ρ,
with
D2b00 = − 1
a2
{(
∂2η − 2H∂η − 2∂ηH− 8H2 + k2
)
b00
+ 4iHδjlkjbl0
}
,
D2bm0 = − 1
a2
{(
∂2η − 2H∂η − 2∂ηH− 6H2 + k2)bm0
+ 2iHkmb00 + 2iHδjlkjbml
}
,
D2bmn = − 1
a2
{
(∂2η − 2H∂η − 2∂ηH− 2H2 + k2)bmn
− 2H2δmnb00 + 2H(ikmbn0 + iknbm0)
}
.
(248)
The constraint fµν;
ν = 0 translates to the relations
(∂η + 4H)b0µ + ikmbmµ = −
1
4
∂µσ, (249)
or
ikjδ
jlbµl = −a
2
4
∂µσ + (∂η + 2H)bµ0. (250)
This can be inserted into the first two equations (248). Rela-
tions for the action of D2 on traceless divergence free tensors
tµν can be computed from eq. (248), cf. section 9.
The non-vanishing components of the curvature tensor,
Ricci tensor and curvature scalar read
R0m0n =
∂ηH
a2
g00gmn,
Rmnkl =
H2
a2
(gmkgnl − gmlgnk),
R00 = −3∂ηH, Rmn = (2H2 + ∂ηH)δmn,
R =
6
a2
(H2 + ∂ηH).
(251)
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Equipped with these relations one may try to solve the prop-
agator equation for homogeneous isotropic geometries. The
complications of this task arise from the mixing of different
components, e.g. in eq. (248).
8.2. Mode functions
In cosmology correlation functions are often assumed to be a
product of mode functions. These mode functions are solu-
tions of the linearized Einstein equations or suitable general-
izations. The normalization is then provided by free quantum
fields in an appropriate vacuum. Given our basic formulation
of the correlation function as a solution of the propagator
equation we can investigate systematically the conditions for
this ansatz to work or fail.
Space-translation invariant Green’s functions take in
Fourier space the form
Gρτσλ(η,k; η
′,k′) = Gρτσλ(k, η, η
′)δ(k − k′), (252)
where
Gρτσλ(η,k; η
′,k′) =
∫
x,y
e−i(kx−k
′y)Gρτσλ(η,x; η
′,y) (253)
and δ(k−k′) = (2π)3δ3(k−k′). Similarly, for a homogeneous
background metric g¯µν(η,x) = g¯µν(η) the operator Γ
(2) is di-
agonal in momentum space,
Γ(2)µνρτ (η′,k′; η,k) = Γ(2)µνρτ (k, η′, η)δ(k − k′). (254)
For our purposes it can be written as a differential operator
Dη acting on η (cf. eq. (68))
Γ(2)µνρσ(k, η′, η) = δ(η − η′)Dµνρτ(η) (k). (255)
The propagator equation (59) takes then the form
Dµνρτ(η) (k)Gρτσλ(k, η, η
′) = Eµνσλ(k, η, η
′), (256)
where the Fourier transform of Eµνσλ(x, y) is given by
Eµνσλ(k, η, η
′)δ(k− k′). This is a system of independent dif-
ferential equations for each value of k. Rotation symmetry
imposes further constraints on D(η) and G.
If the inhomogeneous term in the propagator equation is
proportional δ(η − η′) we can solve this equation in terms
of mode functions, as we will see below. For the physical
metric fluctuations Eµνσλ(k, η, η
′) is given by the projec-
tor P (f)µνσλ(k, η, η
′), which does not necessarily vanish for
η 6= η′, cf. eq. (208). (An exception is the graviton mode.)
If the homogeneous term is not proportional to δ(η − η′) an
expression of the propagator as a sum of products of mode
functions is, in general, not possible. Examples are the cor-
relation functions (200) in Minkowski space which cannot be
represented as simple products of mode functions.
For solving the propagator equation in terms of mode func-
tions we have two options. Either one works with uncon-
strained metric fluctuations and includes in D¯η a gauge fix-
ing term as described in appendix A. In this case the mode
equation reads
Dµνρτ(η) hρτ = 0, (257)
where the definition of D(η) in eq. (255) includes the contri-
bution to Γ(2) from the gauge fixing term. As an alternative,
one may decompose the physical metric fluctuations into un-
constrained representations of the rotation group. For some
representations, the propagator equation may take the form
D(η)(k)G(k, η, η
′) = δ(η − η′). (258)
Here D(η) and G are N ×N matrices with N the dimension
of the representation, and we have not written explicitly the
unit matrix on the r.h.s. For rotation symmetric correlation
functions different irreducible SO(3)-representations do not
mix and can be treated separately. (There may be, however,
several representations of the same type.) The dependence
∼ δ(η − η′) of the inhomogeneous term in eq. (258) does
not follow from the decomposition itself but needs particular
properties.
We next construct the solution of the propagator equation
in terms of mode functions. For this purpose we assume a
propagator equation of the type (258). For η 6= η′ the dif-
ferential equation (258) is homogeneous. The (generalized)
mode functions w(α)(k, η) are a set of linearly independent
solutions of the homogeneous equation
D(η)(k)w
(α)(k, η) = 0, (259)
such that the most general solution to the mode equation
D(η)(k)w˜(k, η) = 0 (260)
can be written in the form
w˜(k, η) =
∑
α
cα(k)w
(α)(k, η). (261)
A given mode function w(α) is a N -component vector and
eqs. (259) to (261) are vector equations. For purely real or
imaginary D(η) the functions w
(α)∗ also obey eq. (259) and
we can equally well expand the general solution of eq. (260)
in terms of w(α)∗.
We will next show that the general solution of the propa-
gator equation (258) can be expressed in terms of the mode
functions as
Gst(k, η, η
′) =
∑
α,β
{
dαβ(k)w
(α)
s (k, η)w
(β)∗
t (k, η
′)Θ(η − η′)
+ dβα(k)w
(α)∗
s (k, η)w
(β)
t (k, η
′)Θ(η′ − η)}
− iFst(k, η)δ(η − η′).
(262)
From eq. (259) one infers D(η)G(η, η
′) = 0 for η 6= η′. (This
shows that the mode function ansatz (262) cannot work if the
inhomogeneous term in eq. (256) differs from zero for η 6= η′.)
The coefficients dαβ(k) will be constrained by the inhomoge-
neous term in eq. (258) and by symmetries. They can be
viewed as a hermitean matrix
d∗βα(k) = dαβ(k). (263)
The Green’s function is symmetric,
G(k, η, η′) = GT(k, η′, η). (264)
For η 6= η′ it can be written as
G(k, η, η′) = G(s)(k, η, η′)
+G(a)(k, η, η′)
(
θ(η − η′)− θ(η′ − η)), (265)
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with G(s) and G(a) symmetric and antisymmetric, respec-
tively. Furthermore, the reality condition implies that for
Minkowski signature both G(s) and G(a) are hermitean. Thus
G(s) is real and G(a) purely imaginary. This implies eq. (263).
For η 6= η′ both G(s) and G(a) obey separately the homoge-
neous equation
D(η)(k)G
s,a(k, η, η′) = 0. (266)
Using eq. (264) this implies a similar equation for the depen-
dence on η′
D(η′)(k)G
(s,a)(k, η, η′) = 0. (267)
It is now straightforward to show eq. (262). Equa-
tions (260), (261) and (266) imply for η > η′
Gst(k, η, η
′) = c˜α,t(k, η
′)w(α)s (k, η), (268)
where c˜α,t are N -component vectors for each α. Using
eq. (267) we infer from eqs. (260) and (261)
c˜α,t(k, η
′) =
∑
β
dαβ(k)w
(β)∗
t (k, η
′). (269)
This establishes eq. (262) for η > η′. The behavior for η′ < η
follows by eq. (264). With eq. (263) we conclude for Fst = 0
that the real part of G is continuous at η = η′, while the
imaginary parts jumps.
We next turn to the inhomogeneous term in the propaga-
tor equation (256). We concentrate first on Fst = 0. The
operator D(η) contains a factor
√
g¯ = ia4 and can be writ-
ten as D(η) = iD
(R)
(η) , with D
(R)
(η) a real differential operator.
The inhomogeneous term on the r.h.s of eq. (256) is real. It is
therefore related to the behavior of the purely imaginary part
of G, as given by G(a). Indeed, this imaginary part shows a
discontinuity at η = η′, cf. eq. (265), which can produce the
inhomogeneous term. In contrast, the propagator equation
for the real part G(s) is homogeneous for all η and η′. We
conclude that G(s) and G(a) obey separate propagator equa-
tions
D¯ηG
(s) = 0,
D¯η
{
G(a) sign(η − η′)} = δ(η − η′). (270)
The linear equation for G(s) does not fix its amplitude, allow-
ing typically for a large variety of solutions of the propagator
equation. The correlation function will therefore be uniquely
determined only once boundary conditions are specified. The
issue has been discussed extensively in ref. [18].
As an example we consider an operator of the form
D(η) = iA(η)
[
∂2η + 2C(η)∂η + B(η)
]
, (271)
with real functions A(η),B(η), C(η). The equation
D(η)
{
G(a)(η, η′)
[
θ(η − η′)− θ(η′ − η)]} = δ(η − η′) (272)
is obeyed for
∂ηG
(a)(η, η′)|η=η′ = −
i
2A(η = η′) . (273)
Differential equations of this type apply for operators of the
type (68), whereby the functions A,B, C may differ for the dif-
ferent SO(3)-representations contained in hµν (see later). For
the graviton the normalization of dαβ inferred from eq. (273)
corresponds to the normalization following from the commu-
tator relations for free quantum fields. On the level of the
quantum effective action it is a direct consequence of the basic
identity (59) and only involves properties of “classical fields”.
No operators and commutation relations are involved in our
formalism.
For an operator D(η) containing two η-derivatives the gen-
eral solution of the mode equation (260) involves two linearly
independent mode functions for each component of the vector
ws. They can be related by complex conjugation. For irre-
ducible representations of the rotation group the solutions are
degenerate and related by symmetry. Our boundary condi-
tions, that can be related to properties under analytic con-
tinuation [18], typically admit only one independent mode
function for each irreducible representation. If we restrict the
setting to the physical metric fluctuations the differential op-
erator D(η) will typically admit more than one independent
mode function for a given irreducible representation. The
sum (262) can no longer be written as a product of a given
mode function w(η)w∗(η′). An exception is the graviton for
which D(η) remains second order.
The most general solution of the propagator equation may
also contain a term −iFstδ(η − η′). This does not contribute
for η 6= η′, but it can contribute to the solution of the inho-
mogeneous equation. A simple example is
D(η) = iA(η)δst, Fst =
1
A(η)δst, (274)
where A(η) contains no η-derivatives, e.g. A(η) = k2. If
A(η) has no zero, the mode equation D(η)w˜ = 0 has only the
trivial solution w = 0 such that for η 6= η′ G(s) = G(a) =
0. The propagator (262) therefore only involves the term
−iFstδ(η − η′). It cannot be written as a product of mode
functions or a sum of such products. More generally, the
contribution of Fst to the inhomogeneous term is
− iD(η)
[
Fδ(η − η′)] = f(η, η′)δ(η − η′). (275)
We conclude that the use of mode functions for the correla-
tions of the physical metric fluctuations is more involved than
for a single scalar field (or the graviton). Mode functions can
only be employed if the inhomogeneous term is ∼ δ(η−η′), as
realized for unconstrained fields. Expressing the propagator
equation in terms of constrained physical fluctuations typi-
cally leads to higher order differential operators D(η). Due
to the appearance of projectors the inhomogeneous term is
often no longer proportional δ(η − η′). As a consequence, it
is not possible to use mode functions directly for constrained
fluctuations.
An alternative possibility for the use of mode functions may
be the explicit use of gauge fixing. Once a solution for the
propagator equation is found in terms of mode functions for
unconstrained fields, the projection onto constrained physi-
cal fluctuations is responsible both for the higher derivative
terms and the deviation of the inhomogeneous term from the
δ-distribution due to the appearance of a projector. Still, the
issue remains rather involved. The operator Γ(2) mixes the
different components of hµν and one expects the presence of
a large number of different mode functions in the sum (262).
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Finally, even for an inhomogeneous term ∼ δ(η−η′) sums of
products of mode functions are not the only possible solution
of the propagator equation. There can be additional terms
in G which are proportional to δ(η − η′) themselves. These
terms (∼ F ) cannot be expressed as products of mode func-
tions. For non-derivative forms of D(η) without zero eigen-
values, the solution G ∼ δ(η − η′) is the only solution of the
propagator equation.
8.3. Mode functions with gauge fixing
One possibility for constructing the correlation function from
solutions of the mode equation employs an explicit gauge fix-
ing term
Γgf =
1
2β
∫
x
g¯1/2hνµ;νh
µρ
;ρ. (276)
This adds to Γ¯(2) as given by eq. (68) a term
Γ
(2)µνρτ
gf = −
1
4β
√
g¯{g¯µρDνDτ + g¯νρDµDτ
+ g¯µτDνDρ + g¯ντDµDρ},
(277)
Γ(2) = Γ¯(2) + Γ
(2)
gf . (278)
In the limit β → 0 the second functional derivative Γ(2) is
dominated by Γ
(2)
gf .
For and understanding of the structure of the mode equa-
tion Γ(2)µνρτhρτ = 0, we split
hµν = fµν + aµν
fµν;
ν = 0, aµν;
ν = Aµ.
(279)
For our choice of a physical gauge fixing the leading order
mode equation
Γ
(2)µνρτ
gf fρτ = 0 (280)
is obeyed for arbitrary physical metric fluctuations. For the
“gauge modes” aρτ the leading order mode equation
Γ
(2)µνρτ
gf aρτ = 0 (281)
implies
Aµ;ν +Aν;µ = 0, (282)
or
aµρ;
ρ
ν + aνρ;
ρ
µ = 0. (283)
For a homogeneous and isotropic background one has in
Fourier space
A0 = − 1
a2
(∂η +H)a00 + δ
jk
a2
(ikjak0 −Hajk),
Aj = − 1
a2
(∂η + 2H)aj0 + i δ
lk
a2
klajk.
(284)
The condition (282) reads
(∂η −H)A0 = 0,
(∂η − 2H)Aj + ikjA0 = 0,
i(klAj + kjAl)− 2HδjlA0 = 0.
(285)
The first eq. (285) is solved by
A0 = a(η)c0(k), (286)
while for Aj one has
Aj = ikjL+ Tj, k
jTj = 0,
(∂η − 2H)L+A0 = 0,
(∂η − 2H)Tj = 0,
i (klTj + kjTl)− 2HδjlA0 − 2klkjL = 0.
(287)
Combining eqs. (286) and (287) one obtains for k 6= 0
A0 = 0, L = 0, Tj = 0. (288)
Discarding the special case k = 0 we conclude that the only
solution is
Aµ = 0. (289)
The remaining leading order mode equation for the vector aµ,
D2aµ +D
νDµaν = 0, (290)
obtains from eq. (284) by insertion of aµν = aµ;ν + aν;µ.
By virtue of eq. (280) the full mode equation becomes
Γ¯(2)µνρτ (fρτ + aρτ ) + Γ
(2)µνρτ
gf aρτ = 0, (291)
with Γ¯(2)µνρτ given by eq. (68). One set of solutions corre-
sponds to the physical modes f 6= 0, a = 0,
Γ¯(2)f = 0, (292)
while the gauge modes, f = 0, a 6= 0, obey
(Γ
(2)
gf + Γ¯
(2))a = 0. (293)
The most general solutions are linear combinations of the so-
lutions of eq. (292) with solutions of eq. (293). For small β
we can solve eq. (293) iteratively
a = a0 + βa1 + . . . , Γ
(2)
gf a0 = 0,
Γ¯(2)a0 + βΓ
(2)
gf a1 = 0.
(294)
With Γ
(2)
gf ∼ 1/β one infers that a1 and a0 have the same scal-
ing with β. For β → 0 one can neglect the term ∼ βa1 in the
solutions of eq. (293) and we recover the leading expression
given by eqs. (281) and (290). For β → 0 the general solution
of the mode equation combines physical modes wf obeying
eq. (292) with gauge modes wa obeying eq. (281).
Assume now that the propagator can be represented as a
product of mode functions,
G(η, η′) = w−(η)w+(η′)θ(η − η′) + w+(η)w−(η′)θ(η′ − η),
(295)
with
w±(η) = w±f (η) + w
±
a (η). (296)
Here w+ and w− are vectors in the space of mode functions
and G is therefore a matrix in this space, cf. eq. (262). (An
extension to a sum of such products will be straightforward.)
The propagator equation
Γ(2)(η)G(η, η′) = δ(η − η′) (297)
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requires that w± has non-vanishing components w±f and w
±
a .
Multiplying from left and right with P (f) yields
P (f)(Γ¯(2) + Γ
(2)
gf )(P
(f) + P (a))GP (f) = P (f), (298)
or, using P (f)Γ
(2)
gf = 0,
P (f)Γ¯(2)P (f)Gff + P (f)Γ¯(2)P (a)Gaf = P (f), (299)
with
Gff = P (f)GP (f), Gaf = P (a)GP (f). (300)
The projected pieces Gff and Gaf involve appropriate factors
of wf and wa in the products (295), according to
P (f)wf = wf , P
(f)wa = 0,
P (a)wf = 0, P
(a)wa = wa.
(301)
For β → 0 the part wa in eq. (296) has to be ∼ β1/2 or
smaller, since otherwise the piece∼ Γ(2)gf G would yield a diver-
gent contribution multiplying δ(η−η′). Therefore Gaf . √β,
and we end for β → 0 with the propagator equation for con-
strained physical fluctuations
Γ
(2)
f G
ff = Pf , Γ
(2)
f = PfΓ
(2)Pf . (302)
(This corresponds in the more abstract discussion of ap-
pendix A to eq. (A.15).) As a consequence, the propagator
for the physical fluctuations is expressed in terms of the mode
functions wf as
G(ph) = G
ff (η, η′)
= w−f (η)w
+
f (η
′)θ(η − η′) + (η ↔ η′). (303)
The mode functions w±f are solutions of the homogeneous
equation (292), with Γ¯(2) involving up to two derivatives with
respect to η. The higher derivatives in the inverse propagator
for constrained fields Γ
(2)
f act on the product of mode func-
tions such that the inhomogeneous term of the propagator
equation for constrained fields,
Γ
(2)
f Gph = P
(f), (304)
equals the projector P (f).
8.4. Linearized Einstein equations
The mode functions are usually associated to the solutions
of the linearized Einstein equations. If the background met-
ric g¯µν is a solution of the “background” field equation this
indeed coincides with the more general definition (259). For
background geometries not obeying the field equations this
simple coincidence is no longer valid. We compute here the
mode equations for the (constrained) physical fluctuations,
assuming the effective action (64). We recall however, that
the resulting mode functions in the scalar and vector channel
cannot be used for the construction of the correlation func-
tion.
For the effective action (64) the expansion of the Einstein
equation,
Rµν − 1
2
Rgµν =
1
M2
Tµν , (305)
reads in linear order in hµν ,
G(1)µν = Rµν(1) −
1
2
(Rgµν)(1) =
1
M2
T(1)µν ,
G(1)µν =
1
2
{
hρµ;νρ + h
ρ
ν;µρ − hµν;ρρ − h;µν
− R¯hµν − (hρτ ;ρτ − h;ρρ − R¯ρτhρτ )g¯µν
}
.
(306)
For the action (64) and in the absence of any further contri-
butions to Tµν one has
T(1)µν = −V hµν . (307)
Solutions of the background field equation relate R¯µν to V .
We may evaluate the mode equation (257) for physical met-
ric fluctuations fµν ,
∫
y
Γ(2)µνρτ (x, y)fρτ (y) = 0, (308)
with Γ(2) given in eq. (68). This may be compared to the
solution of the linearized Einstein equation (306) and (307),
also evaluated for hµν = fµν . We show in appendix D that
the two equations for fµν only coincide if the background met-
ric obeys the field equations. Otherwise, the solution of the
mode equation (308) differs from the solution of the linearized
Einstein equation. The origin of this difference arises from
the relation of the first functional derivative δΓ/δgµν and the
Einstein equation, which involves a factor g1/2gµρgντ . The
linearization of the first functional derivative has to take this
factor into account.
For a homogeneous and isotropic background (242) we may
further elaborate the linearized Einstein equation. For a van-
ishing Weyl tensor C¯µνρτ = 0 one has for the physical metric
fluctuations fµν
G(1)µν =
1
2
{
2R¯ρµfνρ + 2R¯
ρ
νfµρ − R¯µνf −
4
3
R¯fµν
+
1
3
R¯f g¯µν − fµν;ρρ − f;µν + f;ρρg¯µν
}
.
(309)
We next split fµν = bµν + σg¯µν/4, according to eq. (71).
G(1)µν =
3
8
σ;
ρ
ρg¯µν − 1
2
σ;µν − 1
2
bµν;
ρ
ρ
+ R¯ρµbνρ + R¯
ρ
νbµρ −
2
3
R¯bµν ,
(310)
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with
G(1)00 =
1
2a2
(∂2η + 2H∂η + 2∂ηH− 8H2 + k2)b00
+
1
8
(−∂2η + 6H∂η + 3k2)σ,
G(1)m0 =
1
2a2
(∂2η − 2∂ηH− 6H2 + k2)bm0
+ ikm
(
H b00
a2
− 1
2
∂ησ +
1
4
Hσ
)
,
G(1)mn =
1
2a2
{
(∂2η − 2H∂η − 6∂ηH− 2H2 + k2)bmn
− 2H2δmnb00 + 2Hi(kmbn0 + knbm0)
}
− 1
8
(3∂2η + 2H∂η + 3k2)δmnσ +
1
2
kmknσ.
(311)
Here we recall that the covariant derivatives of bµν and σ are
related by eq. (71).
For the trace eqs. (250) and (311) yield
a2G(1)µν g¯
µν = G(1)mnδ
mn −G(1)00
=
4
a2
(H2 − ∂ηH)b00 − (∂2η + 2H∂η + k2)σ.
(312)
In particular, for a de Sitter background one has ∂ηH = H2
such that eq. (312) only involves σ. Also the trace of T(1)µν
depends only on σ
a2T(1)µν g¯
µν = −a2V σ. (313)
For a solution of the background field equation,
3H2 = a
2V
M2
, (314)
the mode equation for σ therefore becomes
(∂2η + 2H∂η − 3H2 + k2)σ = 0. (315)
The mode equations for the other components of the met-
ric are somewhat more involved. One first uses the relation
bµν = tµν+ s˜µν , eq. (76), in order to combine eqs. (306), (307)
and (311) into a coupled system of differential equations for
tµν and σ. Finding solutions of this linearized Einstein equa-
tion will be facilitated if we decompose the metric fluctuations
into irreducible representations of the rotation group.
8.5. Projectors
Projectors are needed for the definition of the constrained
fluctuations or for the projection of unconstrained fluctua-
tions onto the physical fluctuations. The projectors P (f) and
P (a) on physical or gauge fluctuations are in Fourier space
functions of km, and involve a unit matrix δ(k − k′). They
depend on two time arguments η and η′, e.g.∫
η′
P (a)µν
ρτ (η, η′)hρτ (η
′) = aµν(η). (316)
For P (a) we write, similar to eq. (116),
P (a)µν
ρτ (η, η′) =
1
2
D(η)µNν
ρ(η, η′)Dτ(η′)
+ (µ↔ ν) + (ρ↔ τ),
(317)
where D(η) acts on η and D(η′) on η
′. The projector property∫
η′′
P (a)µν
ρτ (η, η′′)P (a)λσρτ (η
′′, η′) = P (a)λσµν (η, η
′) (318)
is realized if Nν
ρ obeys
(D2δνµ +D
νDµ)Nν
ρ = δρµδ(η − η′). (319)
Here the covariant derivatives act on η and are taken as act-
ing only on the index ν, since ρ and τ are contracted with
hρτ in eq. (316).
We can view N as the inverse of the derivative operator
D2δνµ +D
νDµ. In flat space one has
Nν
ρ =
1
D2
δρν −
1
2D4
DρDν , (320)
but this form gets modified once covariant derivatives no
longer commute.
The projector onto the physical metric fluctuations P (f) is
determined by
P (f)ρτµν =
1
2
(
δρµδ
τ
ν + δ
τ
µδ
ρ
ν
)− P (a)ρτµν . (321)
One verifies
Dµfµν = D
µP (f)µν
ρτhρτ
= Dµhµν −DµP (a)µν ρτhρτ
= hνµ;
µ − (D2δµν +DµDν)Aµρhρτ ;τ = 0.
(322)
Finding the explicit form of the projectors is not expected to
be an easy task.
9. Mode decomposition
The solution of mode equations or the expression of the effec-
tive action in terms of unconstrained fields is facilitated if we
decompose the metric fluctuations into representations of the
rotation group. We proceed here to a separate decomposition
of the physical metric fluctuations and the gauge fluctuations.
The connection to other, perhaps more familiar decomposi-
tions is established in appendix E. In this appendix we also
display the relation between the vector and scalar parts of
the physical metric fluctuations to the Bardeen potentials.
9.1. Decomposition of physical metric fluctuations into
SO(3)-representations
Similar to flat space, we decompose the physical metric fluc-
tuations into irreducible representations of the rotation group
SO(3),
fµν = tµν + Sˆµνσ = tµν + sµν , (323)
with
t00 = a
2κ,
tm0 = a
2
[
Wm − ikm
k2
(∂η + 4H)κ
]
,
tmn = a
2
[
γmn − i
k2
(∂η + 4H)(kmWn + knWm)
+
1
2k2
(∂η + 4H)2
(
δmn − 3kmkn
k2
)
κ
+
1
2
(
δmn − kmkn
k2
)
κ
]
,
(324)
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and
γmnδ
mn = 0, kmγmn = 0, k
mWm = 0. (325)
This decomposition is consistent with tνµ;ν = 0, t
µ
µ = 0,
fνµ;ν = 0, if sµν = Sˆµνσ is symmetric and obeys, cf. eq. (75),
smm + s
0
0 = σ,
(∂η + 4H)s00 + ikmsm0 = Hσ,
(∂η + 4H)s0m + iknsnm = 0.
(326)
The physical metric fluctuations contain a traceless diver-
gence free tensor γmn, a divergence free vector Wm and two
scalars σ and κ. The decomposition in the scalar sector is
not unique, since eq. (326) has no unique solution. Different
solutions correspond to different definitions of σ.
Two possible simple choices for sµν are
s
(1)
00 = 0, s
(1)
m0 = −
ikm
k2
a2Hσ,
s(1)mn =
a2
2k2
[
2kmkn
+
(
δmn − 3kmkn
k2
)
(k2 +H∂η + ∂ηH+ 4H2)
]
σ,
(327)
and
s
(2)
00 = −a2σ, s(2)m0 =
ikm
k2
a2(∂η + 3H)σ,
s(2)mn = −
a2
2k2
(
δmn − 3kmkn
k2
)
(∂η + 4H)(∂η + 3H)σ.
(328)
They differ by a traceless divergence free tensor
∆sµν = s
(1)
µν − s(2)µν , (329)
with
∆s00 = a
2σ, ∆sm0 = − ikm
k2
a2(∂η + 4H)σ,
∆smn =
a2
2
{
δmn − kmkn
k2
+
(
δmn − 3kmkm
k2
)
(∂η + 4H)
k2
σ
}
,
(330)
which has the same properties as tµν , e.g.
∆sµµ = 0, ∆s
ν
µ;ν = 0. (331)
The general solution of eq. (326) involves an arbitrary
scalar field ǫ with
sµν = s
(1)
µν + s
(ǫ)
µν ,
s
(ǫ)
00 = a
2ǫ, s
(ǫ)
m0 = −
ikm
k2
a2(∂η + 4H)ǫ,
s(ǫ)mn =
a2
2
{
δmn − kmkn
k2
+
(
δµν − 3kmkn
k2
)
(∂η + 4H)2
k2
}
ǫ.
(332)
The freedom in the choice of the decomposition associated to ǫ
can be used in order to simplify the effective action. We have
already discussed in section 5 a choice for maximally sym-
metric spaces that makes Γ(2) diagonal. This choice amounts
to
ǫ =
1
a2
(k2 + 3H∂η − 3H2)(3D2 + R¯)−1σ, (333)
which entails for de Sitter space the relation
(k2 + ∂2η +6H∂η +12H2)ǫ = −
1
3
(k2+3H∂η +9H2)σ. (334)
9.2. Effective action for graviton, vector and scalars in de
Sitter space
Let us concentrate on the background geometry of de Sitter
space,
R¯µν =
R¯
4
g¯µν =
V
M2
g¯µν =
3H2
a2
g¯µν ,
H = −1
η
= Ha, ∂ηH = H2.
(335)
Here we have assumed that the background metric obeys the
field equations. For de Sitter space we will use the definition
(77), (91) for sµν . For a background geometry solving the
field equation the quadratic effective action Γ1 = Γ
(t)
2 + Γ
(σ)
2
is then given in momentum space by eq. (96),
Γ
(t)
2 = −
iM2
8
∫
η,k
a4tµν∗
(
D2 − R¯
6
)
tµν , (336)
and eq. (95)
Γ
(σ)
2 =
iM2
12
∫
η,k
a4σ∗
(D2 + 14 R¯)
2
D2 + 13 R¯
σ. (337)
For the scalar σ the covariant Laplacian is given by eq. (246)
and R¯ is constant.
From eq. (248) we infer the relation(
D2 − R¯
6
)
t00 = − 1
a2
(∂2η + 2H∂η + k2)t00
= −(∂2η + 6H∂η + 10H2 + k2)κ,
(338)
and similarly(
D2 − R¯6
)
tm0
= −1
a
(∂2η + 2H∂η + k2)(aWm)
+
ikm
a2k2
∂η(∂
2
η + 2H∂η + k2)t00
= −(∂2η + 4H∂η + 4H2 + k2)Wm
+
ikm
k2
(∂η + 2H)(∂2η + 6H∂η + 10H2 + k2)κ,
(339)
while(
D2 − R¯6
)
tmn
= −(∂2η + 2H∂η + k2)γmn −
δmn
3a2
(∂2η + 2H∂η + k2)t00
+
1
2a2k2
(
kmkn
k2
− δmn
3
)
(3∂2η + k
2)(∂2η + 2H∂η + k2)t00
+
i
ak2
(∂η +H)(∂2η + 2H∂η + k2)
[
a(kmWn + knWm)
]
.
(340)
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Solutions of the equation(
D2 − R¯6
)
tµν = 0 (341)
imply that the three mode functions t00, W˜m = aWm and
γmn obey all the same mode equation
(∂2η + 2H∂η + k2)w = 0. (342)
In the presence of a gauge fixing the vector and scalar mode
equations will have an additional source term according to
eq. (291). This will permit additional solutions with aµν 6= 0.
We next compute for a de Sitter geometry the effective ac-
tion for the physical modes. Inserting the expressions (338)-
(340), eq. (336) decomposes as
Γ
(t)
2 = Γ
(γ)
2 + Γ
(W )
2 + Γ
(κ)
2 . (343)
The graviton part reads
Γ
(γ)
2 =
iM2
8
∫
η,k
a2
{
k2γ∗mnγpq − ∂ηγ∗mn∂ηγpq
}
P (γ)mnpq
=
iM2
8
∫
a2γ∗mnDˆγpqP
(γ)mnpq.
(344)
Here we use the shorthand
Dˆ = ∂2η + 2H∂η + k2. (345)
The projector P (γ) is given by eqs. (157) and (165).
For the vector part one finds
Γ
(W )
2 = −
iM2
4
∫
η,k
a2k2Ω∗mΩnQ
mn, (346)
with
Ωm =
1
ak2
Dˆ(aWm) (347)
the gauge invariant vector fluctuation. Finally, the scalar part
obtains as
Γ
(κ)
2 =
3iM2
16
∫
η,k
1
a2
(k2ρ∗ρ− ∂ηρ∗∂ηρ), (348)
where
ρ =
Dˆ
k2
(a2κ). (349)
Comparing these results with flat space we find correspon-
dence with eq. (184) if we set a = 1 and replace q2 →
∂2η + 2H∂η + k2 = Dˆ.
9.3. Decomposition for gauge fluctuations
The gauge fluctuations aµν = aµ;ν + aν;µ can be obtained
from a vector aµ. We decompose aµ into two scalars a0 and
r and a divergence free vector Um,
am = ikmr + Um, k
mUm = 0. (350)
This yields for aµν
a00 = 2D0a0 = 2 (∂η −H) a0,
am0 = ikm [a0 + (∂η − 2H) r] + (∂η − 2H)Um,
amn = i (kmUn + knUm)− 2kmknr − 2Hδmna0,
δmnamn = −2k2r − 6Ha0.
(351)
The leading order mode equations for a0, r and Um follow
from eq. (284) with Aµ = 0,(
2∂2η − 8H2 − 2∂ηH + k2
)
a0 + (∂η − 4H) k2r = 0,
(∂η + 4H) a0 +
(
∂2η − 4H2 − 2∂ηH + 2k2
)
r = 0,(
∂2η − 4H2 − 2∂ηH+ k2
)
Um = 0.
(352)
10. Graviton correlation
In this section we discuss the on-shell graviton propagator
in a de Sitter geometry. The graviton corresponds to the
traceless and divergence free metric fluctuations γmn. If the
background obeys the field equations we recover the standard
results of perturbation theory for linear cosmic fluctuations.
This section therefore links directly the formal concepts de-
veloped in the present paper to cosmological observation and
earlier theoretical work. The graviton correlation can be con-
structed from mode functions.
The metric component corresponding to the graviton ob-
tains from a general metric fluctuation by a particularly sim-
ple projection
h(γ)µν = P
(γ)ρτ
µν hρτ . (353)
The projector P (γ) is given by eq. (165) if all indices are
spacelike and vanishes for all other index combinations. Its
time dependence is a simple unit matrix δ(η − η′). Indeed,
one has for arbitrary metrics of the form (242) the relations
Dµh(γ)µn = ik
mh(γ)mn,
Dµh
(γ)
µ0 = −Hh(γ)mm .
(354)
By virtue of the relations
kmP (γ)pqmn = 0, δ
mnP (γ)pqmn = 0, (355)
or
kmh(γ)mn = 0, δ
mnh(γ)mn = 0, (356)
one establishes that h
(γ)
mn belongs to the physical metric fluc-
tuations, Dµh
(γ)
µν = 0. Furthermore, h
(γ)
mn is divergence free
and traceless. We can therefore identify h
(γ)
mn = a2γmn. The
simple time dependence of the graviton projector P (γ) is the
reason why the graviton contribution to the metric correlation
is much simpler than those from vector and scalar modes.
10.1. Evolution equation for graviton propagator
We first derive the general propagator equation for the gravi-
ton correlation. The most general graviton correlation is spec-
ified by initial values for the solution of this differential equa-
tion. The effective action (344) for γmn involves only two time
derivatives and one finds directly the propagator equation for
the graviton fluctuations
iM2a2
4
(
∂2η + 2H∂η + k2
)
Gγγmnpq = P
(γ)
mnpqδ(η − η′). (357)
Rotation symmetry implies for a traceless and divergence free
symmetric tensor (k = |k|)
Gγγmnpq(k, η, η
′) = P (γ)mnpqGgrav(k, η, η
′). (358)
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The function Ggrav obeys the evolution equation
(∂2η + 2H∂η + k2)Ggrav(k, η, η′) = −
4i
M2a2
δ(η − η′). (359)
It is the same as for a massless scalar. (This holds up to an
overall normalization factor 4/M2 on the r.h.s. of eq. (359)
which could be absorbed by a rescaling of Ggrav.)
The propagator equation (357) can also be found by pro-
jecting the inverse propagator (68) on the tensor structure of
the graviton. In appendix C we decompose Γ(2) into a trace-
less and trace parts. The graviton γmn does not contribute
to the trace of the metric, h = g¯µνhµν = 0, nor does it con-
tribute to the divergence, hνµ;ν = 0. The relevant part of Γ
(2)
is given by the last equation (C.16), e.g.
Γ
(2)µνρτ
bb = −
iM2a4
4
(
D2 − R¯
6
)
P (b)µνρτ , (360)
with projector onto the traceless part
P (b)µν
ρτ =
1
2
(
δρµδ
τ
ν + δ
τ
µδ
ρ
ν
)− 1
4
g¯µν g¯
ρτ . (361)
For the graviton only the space components contribute,
such that the operator D2 from eq. (248) reads
D2 = − 1
a2(η)
(∂2η − 2H∂η − 2∂ηH− 2H2 + k2). (362)
For the graviton propagator we employ hmn = a
2γmn, such
that
〈hmn(η,k)h∗pq(η′,
−→
k ′〉c = a2(η)a2(η′)〈γmn(η,k)γ∗pq(η′,k′)〉c.
(363)
The differential operator acting on γµν is given for a de Sitter
geometry by
− (D2 − R¯6 )a2 = Dˆ = ∂2η + 2H∂η + k2. (364)
Projecting on the traceless part of bmn replaces a
4P (b)µνρτ
in eq. (360) by P (β)mnpq, with projector
P (β)mnpq =
1
2
(δmpδnq + δmqδnp)− 1
3
δmnδpq, (365)
and indices of P (β) raised with δmn.
We finally have to project onto the transversal part of bmn
by imposing kmbmn = 0. This replaces the projector P
(β)
mnpq
by P
(γ)
mnpq, as given by eq. (165), with Qmn given by eq. (157).
The projector P (γ) obeys
P (γ)mnpqQ
q
s = P
(γ)
mnps, P
(γ)
mnpqQ
pq = 0, (366)
and
P (γ)mn
rsP (β)rsuvP
(γ)uv
pq = P
(γ)
mnpq. (367)
The various projections of Γ(2) result in the differential op-
erator
Γ(2)mnpqγγ a
2 =
iM2
4
P (γ)mnpqDˆ. (368)
(Here a factor a4 is absorbed by our index convention for
P (γ).) The propagator equation for Gγγ becomes
Γ(2)mnpqγγ a
2 (η) a2 (η′)Gγγpqrs (η, η
′) = P (γ)mnrs. (369)
With P
(γ)pq
mn Gγγpqrs = G
γγ
mnrs eq. (369) coincides with eq. (357).
10.2. General solution for graviton correlation in de Sitter
space
The general solution of eq. (359) has been discussed exten-
sively in ref. [19], [18]. For η > η′ it reads
Ggrav(k, η, η
′) =
2
(
α(k) + 1
)
M2
w−k (η)w
+
k (η
′)
+
2
(
α(k) − 1)
M2
w+k (η)w
−
k (η
′)
+
4ζ(k)
M2
w+k (η)w
+
k (η
′) +
4ζ∗(k)
M2
w−k (η)w
−
k (η
′),
(370)
with mode functions given by the solution of the mode equa-
tion
(∂2η + 2H∂η + k2)w±k (η) = 0. (371)
For de Sitter space, H = −1/η, one has
w−k (η) =
(
w+k (η)
)∗
=
1
a(η)
√
2k
(
1− i
u
)
e−iu, (372)
and
u = kη = − kH(η) = −
k
a(η)H
. (373)
For Bunch-Davies initial conditions [40], which correspond
to the scaling correlation of ref. [18], one has α(k) = 1, ζ(k) =
0, such that
Ggrav(k, η, η
′) =
4
M2
w−k (η)w
+
k (η
′). (374)
In the limit u, u′ → −∞ (η, η′ → −∞) the graviton correla-
tion becomes
Ggrav(k, η, η
′) =
2
M2ka(η)a(η′)
e−ik(η−η
′). (375)
For a(η) = a(η′) = 1 this coincides with the flat space cor-
relation (193). In the opposite limit u, u′ → 0 the graviton
propagator reaches a constant amplitude
Ggrav(k, η, η
′) =
2H2
M2k3
e−ik|η−η
′|. (376)
The equal time correlation (η′ = η) reads
Ggrav(k, η) = Ggrav(k, η, η) =
4
M2
|w−k (η)|2
=
2
M2a2k
(
1 +
1
k2η2
)
.
(377)
For a de Sitter geometry this becomes
Ggrav =
2H2
M2k3
(1 + k2η2). (378)
This yields the tensor power spectrum which is defined by
∆2T (k, η) =
k3
π2
Ggrav(k, η). (379)
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Correspondingly, the tensor spectral index obeys
nT =
∂ ln∆2T
∂ ln k
. (380)
For modes far outside the horizon, k2η2 ≪ 1, the spectral in-
dex vanishes and the tensor spectrum is proportional to H20 ,
∆2T =
2H2
πM2
, nT = 0. (381)
(For geometries neighbouring de Sitter space the mode func-
tions and therefore the power spectrum and nT are modified.)
As long as k/a remains much smaller than H the time inde-
pendent power spectrum
Ggrav =
2H2
M2k3
(382)
remains unmodified. Once a given k-mode “enters the hori-
zon”, k/a≫ H , it starts again the damped oscillation (375).
The resulting tensor power spectrum is accessible to observa-
tion if the amplitude is large enough.
The formulae after eq. (374) are the standard ones used in
cosmology. We have displayed them here in order to demon-
strate that for appropriate initial conditions the graviton cor-
relation, as obtained by a solution of the exact propagator
equation (3), coincides with the one obtained from the nor-
malization of a free quantum field in a Bunch Davies vacuum.
The vector and scalar part of the metric correlation has no
such simple interpretation in terms of free quantum fields.
The explicit form of the vector and scalar propagator for
the physical metric fluctuations in a de Sitter geometry still
need to be worked out. They may be inferred from the gen-
eral results for the metric correlator in de Sitter space in ref.
[27]. Alternatively, explicit knowledge of the projectors would
be useful for an extraction from eq. (98) by use of eq. (163).
11. Conclusions
This paper addresses mainly the conceptual issues of the met-
ric correlation function in quantum gravity and cosmology.
The recipe mainly employed in cosmology, namely the con-
struction of the correlation function as a product of mode
functions or a sum of such products, cannot be applied in
general. There are simple cases where the mode functions
vanish in the vector and scalar channel, while the correlation
function differs from zero. We therefore have to build our dis-
cussion from a more basic level, using the defining differential
equation for the Green’s function. The differential operator
in this equation is given by the second functional derivative
of the quantum effective action Γ(2). The relation between
Γ(2) and the correlation function G is exact. Approximations
only concern the precise form of the effective action.
The first question to address concerns the physical meaning
of the metric correlation function. In a gauge fixed version
of quantum gravity this correlation function depends mani-
festly on the chosen gauge fixing. One may therefore question
to which extent the metric correlation is a meaningful phys-
ical object. We propose here to distinguish between physical
metric fluctuations that couple to a conserved energy mo-
mentum tensor, and gauge fluctuations that are generated by
gauge transformations of a given cosmological solution. The
physical metric fluctuations are conceptually similar to the
Bardeen potentials, in the sense that they are invariant with
respect to infinitesimal diffeomorphism transformations of the
“background metric”. The physical metric fluctuations are
directly formulated on the level of the metric in a covariant
way. This differs from the Bardeen potentials. We establish
the formal relations between the physical metric fluctuations
and the Bardeen potentials.
The object of our interest is the correlation function for
the physical metric fluctuations. It can be obtained by re-
stricting in the functional integral the sources to “physical
sources” that correspond to a conserved energy momentum
tensor. The argument of the effective action involves then
only the physical metric fluctuations, not the gauge fluctua-
tions. As a result, the relation between physical sources and
physical metric fluctuations is invertible and the effective ac-
tion can be constructed in a standard way. No gauge fixing
is needed for the inversion of the second functional derivative
Γ(2). The correlation function for the physical metric fluc-
tuations can also be found using a standard procedure with
gauge fixing. The gauge fixing is not arbitrary, however. It
has to enforce the condition for physical metric fluctuations,
hνµ;ν = 0. We show explicitly the equivalence between the
restriction to physical sources and fields on one side, and the
appropriate gauge fixed formalism on the other side.
With all quantities well defined the metric correlation func-
tion G obtains as a solution of the propagator equation (3).
Conceptually, its computation amounts to the inversion of
the differential operator Γ(2). We are interested to solve this
inversion problem for geometries corresponding to realistic
cosmologies. Even for a rather simple form of the effective
action, as given by the Einstein-Hilbert action with a cos-
mological constant, the inversion of Γ(2) is a complex task.
The operator Γ(2) contains only up to two time derivatives
∂η. It is, however, a matrix in the space of physical metric
fluctuations. Making it block diagonal involves projections.
In quantum gravity computations the inversion of Γ(2) is a
standard task. It is usually done for some particular gauge
fixing (unfortunately often not compatible with the projec-
tion on physical metric fluctuations) and for simple Euclidean
geometries as the sphere or flat space, or geometries close to
those [48]. We are interested to obtain the metric correlations
for geometries close to de Sitter space, as relevant for cosmol-
ogy. This needs a computation with Minkowski signature,
for which the solution of the propagator equation becomes
an initial value problem. One may think of obtaining the
metric propagator in de Sitter space by analytic continuation
from a corresponding Euclidean geometry. This correspond-
ing geometry is the maximally symmetric space with negative
curvature [18], and one needs the metric correlation in such a
hyperbolic space. (The analytic continuation of the sphere is
anti de Sitter space, both having a discrete spectrum differ-
ing qualitatively from the continuous spectrum in de Sitter
space.)
The present paper provides a formalism for the computa-
tion of the metric correlation in homogeneous and isotropic
cosmologies. The extensive discussion of the metric correla-
tion in flat space establishes several important features in an
explicit way. The scalar and vector part of the metric cor-
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relation function does not vanish despite the fact that the
solution of the linearized Einstein equation leads to vanishing
scalar and vector Bardeen potentials. The vector and scalar
part of the metric correlation cannot be found from solutions
of the linearized Einstein equations. They rather involve the
inversion of operators with up to four (vector) or up to six
(scalar) derivatives. This results in a secular behavior (200).
For realistic cosmologies we will be interested in initial values
of the metric correlations for which the high momentum tail
is given by the time-translation invariant correlations in flat
space. Our discussion of the flat space correlation functions
provides those initial conditions.
For realistic homogeneous and isotropic cosmologies the
graviton part of the on-shell metric correlation is rather well
understood. The remaining task concerns the scalar and vec-
tor parts of the metric correlation. For this purpose several
different, but equivalent, strategies may be followed. One may
derive the propagator equation for Wm and κ from eqs. (346)
and (348). This is straightforward, and the unit operator in
the corresponding function space is ∼ δ(η − η′). (In the case
of Wm it involves a k-dependent projector.) The complexity
in this approach arises from the fact that the differential oper-
ators to be inverted involve up to four (Wm) or six (κ) deriva-
tives. As an alternative, one may compute the explicit form
of projectors and solve eq. (98). The inhomogeneous term
on the right hand side involves now projectors that depend
on η and η′ in the case of vector and scalar modes. Finally,
one may employ a gauge fixed version and solve eq. (291).
The complexity arises here from the high number of coupled
modes - two vectors and four scalars.
The merit of such a calculation will be to shed light on
the infrared structure of the physical metric propagator in
realistic cosmologies. This should help to understand better
several important issues in quantum gravity, as related to lo-
cality, anomalies or the possible existence [49] of an infrared
fixed point. Quantum gravity computations of the quantum
effective action, from which the field equations and correla-
tion functions can be derived, involve the off-shell propagator
for the metric fluctuations. It will be interesting to learn the
impact of the particular properties of on-shell propagators for
physical fluctuations as one approaches solutions of the field
equations in the space of configurations.
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A. Projectors and gauge fixing
In this appendix we recall a few general features of projectors
and gauge fixing that are useful for our discussion. Let us
consider two matrices D and G obeying
DG = 1. (A.1)
Here D corresponds to Γ(2) and G to the correlation function.
Assume further the existence of a projector P ,
P 2 = P, (1− P )2 = (1− P ), P (1− P ) = 0. (A.2)
We may then decompose
D = D++ +D+− +D−+ +D−−, (A.3)
with
D++ = P
†DP, D+− = P
†D(1− P ),
D−+ = (1− P †)DP, D−− = (1− P †)D(1− P ),
(A.4)
and similarly for G
G++ = PGP
†,
G+− = PG
(
1− P †) ,
G−+ = (1− P )GP †,
G−− = (1− P )G
(
1− P †) .
(A.5)
Insertion into eq. (A.1) and multiplying eq. (A.1) with suit-
able factors P and (1 − P ) from left and right yields the
relations
D++G++ +D+−G−+ = P
†,
D−−G−− +D−+G+− = 1− P †,
D++G+− +D+−G−− = 0,
D−−G−+ +D−+G++ = 0.
(A.6)
For our discussion two simple cases are of importance. For
the first D is block diagonal, D+− = D−+ = 0,
D = D++ +D−−. (A.7)
Then G++ and G−− obey
D++G++ = P
†,
D−−G−− = 1− P †.
(A.8)
If D++ is invertible once projected on the appropriate sub-
space, the projected propagator G++ is its inverse. The re-
maining equations
D++G+− = 0, D−−G−+ = 0 (A.9)
have the solution
G+− = 0, G−+ = 0, (A.10)
for which G is block diagonal. If D is regular and therefore G
is unique, the solution (A.9) is the only solution. In contrast,
if D is a differential operator for which a unique solution of
eq. (A.1) requires the specification of initial values or bound-
ary conditions, eq. (A.10) does not necessarily hold.
For a second important case we consider a family of matri-
ces Dβ for which D−− is multiplied by a factor
1
β . We keep
the notation G+−, G−− etc. for the solutions of eq. (A.1) for
β = 1, and denote the solutions for arbitrary β with G
(β)
+−,
G
(β)
−+ etc. Consider now small β. The components G
(β)
−− and
G
(β)
−+ have to scale ∼ β (or they vanish). In the limit β → 0
we can neglect them, resulting in
D++G
(β)
++ = P
†, (A.11)
and
D++G
(β)
+− = 0. (A.12)
If G(β) is unique the second equation implies that G
(β)
+− van-
ishes. One ends with
G(β) = G
(β)
++. (A.13)
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The correlation function differs from zero only in the subspace
of eigenvalues of P with unit eigenvalue.
In a gauge fixed version of the effective action one adds to
Γ(2) a gauge fixing term (1/β)Γ¯
(2)
gf . Let us assume for simplic-
ity that Γ(2) = Γ¯(2)+(1/β)Γ¯
(2)
gf is regular. We further assume
that Γ¯
(2)
gf can be written in terms of a projector
Γ¯
(2)
gf = (1− P †)D˜−−(1− P ). (A.14)
In the limit β → 0 one therefore arrives at
G = G++, D++G++ = P
†. (A.15)
In other words, the non-vanishing part of the correlation func-
tion involves only the modes with eigenvalues one of P . They
can be viewed as fluctuations obeying a constraint. The oper-
ator D++ corresponds to Γ
(2) subject to this constraint, and
G++ is the inverse of Γ
(2) on the subspace of the constrained
fluctuations. The formulation in terms of the physical met-
ric fluctuations fµν obeying the constraint f
ν
µ;ν = 0, that we
employ in this paper, is equivalent to a gauge fixed version in
the limit β → 0. In case where the projector P (f) on fµν is
not known explicitly (or in case of ambiguities) we will define
the correlation function G++ by the limit β → 0 of a gauge
fixed version.
In more detail we consider
Γgf =
1
2β
∫
x
g¯1/2hνµ;νh
µρ
;ρ . (A.16)
It adds to Γ(2) a term of the type discussed before, e.g.
∆Γ(2) =
1
β
(
1− P (f)†)D˜−−(1− P (f)), (A.17)
with P (f) the projector onto covariantly conserved metric
fluctuations fµν ,
fνµ;ν = 0, P
(f)
µν
ρτhρτ = fµν . (A.18)
In the presence of the gauge fixing the second functional
derivative Γ(2) is invertible if suitable boundary conditions
are imposed. (We discard here the zero-momentum modes
k = 0 which would need a separate discussion.) Also D˜−−
is invertible on the subspace of “longitudinal fluctuations”,
defined by the modes with zero eigenvalues of P (f). We can
then take the limit β → 0 and obtain the correlation function
G++ for the “physical fluctuations” fµν . The “gauge parts”
of the correlation function vanish in this limit, justifying the
restriction to the physical fluctuations.
These general considerations can easily be followed explic-
itly in flat space. In momentum space P = P (f) is real, with
(PT) ρτµν = P
µν
ρτ = P
µν
ρτ . (A.19)
B. Local gauge symmetries
In this appendix we discuss the precise implementation of
the gauge symmetry of general coordinate or diffeomorphism
transformations. This will justify the use of a gauge invariant
effective action in the main text.
The source term∫
x
gˆµνK
µν =
∫
x
g¯µνK
µν +
∫
x
fµνK
µν (B.1)
is invariant under a simultaneous diffeomorphism transforma-
tion of g¯µν , the source transformation (13), and a transfor-
mation of fµν as a tensor,
δξfµν = −∂µξρfρν − ∂νξρfµρ − ξρ∂ρfµν . (B.2)
Since the relation (45) between sources and fields is covariant
(δΓ/δgˆµν = δΓ/δfµν) we conclude that the effective action
(44) is invariant under simultaneous transformations of g¯µν
and fµν .
Furthermore, we may multiply the source constraint (20)
with ξµ = g¯µνξ
ν and integrate over x,∫
x
ξµ
(
∂νK
µν + Γ¯ µνρ K
νρ
)
= 0. (B.3)
By partial integration this yields∫
x
Kµνξµ;ν = 0. (B.4)
Insertion of eq. (45) results in∫
x
∂Γ
∂fµν
δ˜µν = 0, δ˜µν = − (ξµ;ν + ξν;µ) . (B.5)
Formally, this can be interpreted as invariance under a local
gauge transformation of fµν , with infinitesimal transforma-
tion δ˜fµν = δ˜µν .
The transformation δ˜fµν = δ˜µν is, however, not com-
patible with the constraint (35), since Dν δ˜µν 6= 0. We
can extend the effective action to be a functional of uncon-
strained metric fluctuations hµν by replacing fµν by hµν ,
Γ [fµν , g¯µν ] → Γ [hµν , g¯µν ]. The extended effective action de-
pends now on two unconstrained metrics g¯µν and
gµν = g¯µν + hµν , (B.6)
i.e.
Γ [gµν , g¯µν ] = Γ [fµν → hµν , g¯µν ] . (B.7)
By virtue of eq. (B.5) it is invariant under the infinitesimal
gauge transformation
δ˜hµν = − (ξµ;ν + ξν;µ) = δξg¯µν . (B.8)
The transformation (B.8) is taken at fixed g¯µν . It expresses
the fact that Γ depends actually only on fµν and not on the
gauge fluctuations aµν .
The two local transformations,∫
x
(
δΓ
δgµν
∣∣∣∣
g¯
δξhµν +
δΓ
δg¯µν
∣∣∣∣
h
δξg¯µν
)
= 0. (B.9)
and ∫
x
δΓ
δgµν |g¯
δξg¯µν = 0, (B.10)
imply the invariance of Γ under simultaneous diffeomorphism
transformations of gµν and g¯µν ,∫
x
(
δΓ
δgµν
∣∣∣∣
g¯
δξgµν +
δΓ
δg¯µν
∣∣∣∣
h
δξg¯µν
)
= 0. (B.11)
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(Recall δΓ/δgµν|g¯ = δΓ/δhµν |g¯.)
Instead of the variables hµν and g¯µν it is convenient to use
gµν and hµν ,
Γ′ [gµν , hµν ] = Γ [hµν , g¯µν = gµν − hµν ]
= Γ [gµν , g¯µν = gµν − hµν ] .
(B.12)
With
∂Γ′
∂hµν
∣∣∣∣
g
=
∂Γ
∂hµν
∣∣∣∣
g¯
− ∂Γ
∂g¯µν
∣∣∣∣
h
,
∂Γ′
∂gµν
∣∣∣∣
h
=
∂Γ
∂g¯µν
∣∣∣∣
h
,
(B.13)
the symmetry relations (B.9) and (B.10) read
∫
x
(
∂Γ′
∂gµν
∣∣∣∣
h
δξgµν +
∂Γ′
∂hµν
∣∣∣∣
g
δξhµν
)
= 0, (B.14)
and ∫
x
∂Γ′
∂hµν
∣∣∣∣
g
(δξgµν − 2δξhµν) =
∫
x
∂Γ′
∂gµν
∣∣∣∣
h
δξhµν . (B.15)
We may expand Γ′ in powers of h,
Γ′ [g, h] = Γ¯ [g] +
∫
x
Mρτ1 [g]hρτ
+
1
2
∫
x
hλσM
λσρτ
2 [g]hρτ + · · · ,
(B.16)
with M2 typically involving derivative operators. Nonvanish-
ing M1,M2 reflect the residual dependence of Γ on the back-
ground metric g¯µν for fixed gµν . The symmetry (B.14) of
simultaneous diffeomorphism transformations of gµν and hµν
is obeyed if Γ¯ [g] is a gauge invariant functional of gµν and
M1,M2 transform as appropriate tensor densities. The local
gauge symmetry (B.15) constrains the possible form of M1
and M2, but is not sufficient to enforce that these quantities
vanish.
In the presence of gauge fixing the term ∼M2 can be made
to diverge in an appropriate limit of zero gauge fixing param-
eter α → 0. (This corresponds to Landau gauge in quantum
electrodynamics, see refs. [45, 46].) For an appropriate choice
of the gauge this divergent part will only involve aµν, and
not fµν. Typically, this is the only divergent part for α→ 0,
with M1 remaining finite. The insertion into Γ
′ eliminates
all terms involving aµν, such that hµν → fµν in eq. (B.16).
The residual terms ∼M1,M2 reflect the explicit background
field dependence through the projectors. In our approxima-
tion they are neglected. By a modified choice of the covariant
derivatives in the projectors one can achieve that the projec-
tion of M2 on the physical metric fluctuations vanishes [45,
46]. In this case one has Γ′(2) = Γ¯(2), as used for our practical
computations.
In the formulation with constrained fields and sources the
effective action Γ[gµν ; g¯µν ] depends on gµν directly, and fur-
ther on g¯µν which enters the constraints for the physical
sources Kµν and the physical metric gµν . Due to the source
constraint Γ actually only depends on physical metric fluctua-
tions and g¯µν . Replacing gµν by gˆµν = g¯µν+fµν we can write
Γ[bµν , σ, g¯µν ], where the decomposition (40) is performed for
fixed g¯µν . We recall that no “gauge part” of gµν appears due
to the restriction to physical sources, i.e. vµ = 0, τ = 0. This
will allow for an invertibility of Γ(2) on an appropriate space
of functions and for appropriate boundary conditions.
Consider next the transversal split transformation g¯µν →
g¯µν + uµν , f
′
µν → f ′µν − uµν , with uνµ;ν = 0. (This is com-
plementary to the longitudinal split transformation sµν =
ξµ;ν + ξν;µ discussed in section 4.) The transversal split
symmetry is violated only by the constraints on Kµν and
gˆ′µν . If we neglect effects of this explicit breaking the effec-
tive action becomes invariant under the split transformation
g¯µν → g¯µν+uµν, fµν → fµν−uµν. It is then a gauge invariant
functional of the unique metric gˆµν = g¯µν+fµν . The transver-
sal split symmetry implies M1,2 = 0 in the expansion (B.16).
Extending again the argument of Γ to arbitrary metric fluc-
tuations hµν , gµν = g¯µν + hµν , the effective action becomes
a diffeomorphism invariant functional of gµν , corresponding
to Γ¯ [g] in eq. (B.16). We will adopt this approximation, ne-
glecting corrections due to the explicit g¯µν-dependence of the
constraints.
C. Decomposition of metric fluctuations into
trace and traceless parts
In this appendix we decompose the metric fluctuations into
a trace and traceless part, and correspondingly the inverse
propagator Γ(2) and the correlation function G. This is done
both for unconstrained metric fluctuations hµν and for the
physical metric fluctuations fµν . In the second case one has
to keep track that the constraint f νµν; = 0 mixes trace and
traceless parts.
C.1. Decomposition of unconstrained metric fluctuations
The unconstrained metric fluctuations hµν can be decom-
posed into the trace h and a traceless part b˜µν ,
hµν = b˜µν +
1
4
hg¯µν , g¯
µν b˜µν = 0. (C.1)
For the physical metric fluctuations, with vµ = 0, τ = 0 in
eq. (40), one has b˜µν = bµν , h = σ, and we will turn to this
case later. According to the decomposition (C.1) we write
Γ(2)µνρτ = Γ
(2)µνρτ
bb + Γ
(2)µν
bh g¯
ρτ
g¯µνΓ
(2)ρτ
hb + g¯
µνΓ
(2)
hh g¯
ρτ ,
(C.2)
where
g¯µνΓ
(2)µνρτ
bb = 0, Γ
(2)µνρτ
bb g¯ρτ = 0
g¯µνΓ
(2)µν
bh = 0, Γ
(2)ρτ
hb g¯ρτ = 0.
(C.3)
Similarly, we define the correlation functions
Gbbµνρτ = 〈b˜µν(x)b˜ρτ (y)〉c,
Gbhµν(x, y) = 〈b˜µν(x)h(y)〉c,
Ghbµν(x, y) = 〈h(x)b˜µν(y)〉c = Gbhµν(y, x),
Ghh(x, y) = 〈h(x)h(y)〉c,
(C.4)
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such that the propagator decomposes as
G(2)µνρτ (x, y) = G
bb
µνρτ (x, y) +
1
4
Gbhµν(x, y)g¯ρτ (y)
+
1
4
g¯µν(x)G
hb
ρτ (x, y) +
1
16
Ghh(x, y)g¯µν(x)g¯ρτ (y).
(C.5)
The propagator equation reads
Γ
(2)µνρσ
bb G
bb
ρστλ + Γ
(2)µν
bh G
hb
τλ
=
1
2
(δµτ δ
ν
λ + δ
ν
τ δ
µ
λ)−
1
4
g¯µν g¯τλ,
Γ
(2)µνρσ
bb G
bh
ρσ + Γ
(2)µν
bh G
hh = 0,
Γ
(2)µν
hb G
bb
µντλ + Γ
(2)
hhG
hb
τλ = 0,
Γ
(2)µν
hb G
bh
µν + Γ
(2)
hhG
hh = 1,
(C.6)
where we have omitted the coordinates and associated δ(x−z)
factors.
The projection on the traceless part can be performed by
using the projection operator
P (b)µν
ρτ =
1
2
(δρµδ
τ
ν + δ
τ
µδ
ρ
ν)−
1
4
g¯µν g¯
ρτ . (C.7)
It obeys
P (b)µν
ρτ g¯ρτ = 0, g¯
µνP (b)µν
ρτ = 0,
P (b)µν
ρτP (b)ρτ
σλ = P (b)µν
σλ,
(C.8)
such that
P (b)µν
ρτhρτ = b˜µν . (C.9)
The corresponding projection on the trace reads
P (h)µν
ρτ =
1
2
(δρµδ
τ
ν + δ
τ
µδ
ρ
ν)− P (b)µν ρτ
=
1
4
g¯µν g¯
ρτ .
(C.10)
The different pieces of the inverse propagator are computed
as projections from eq. (68), supplemented by contributions
from the gauge fixing term. We display here only the physical
part corresponding to eq. (68). One finds
Γ
(2)
hh =
1
16
g¯µν g¯ρτΓ
(2)µνρτ
=
3M2
32
√
g¯D2 +
V
8
√
g¯
(C.11)
and
Γ
(2)µν
bh =
1
4
Γ(2)µνρτ g¯ρτ − g¯µνΓ(2)hh
=
M2
32
√
g¯
[
D2g¯µν − 2(DµDν +DνDµ)],
Γ
(2)ρτ
hb =
M2
32
√
g¯
[
D2g¯ρτ − 2(DρDτ +DτDρ)].
(C.12)
The pure traceless part obtains by subtracting these pieces
from Γ(2),
Γ
(2)µνρτ
bb = −
M2
32
√
g¯
{[
4(g¯µρg¯ντ + g¯µτ g¯νρ)− 3g¯µν g¯ρτ ]D2
+ 2g¯µν(DτDρ +DρDτ ) + 2g¯ρτ (DµDν +DνDµ)
− 4(g¯µρDτDν + g¯νρDτDµ + g¯µτDρDν + g¯ντDρDµ)
+ 4R¯(g¯µν g¯ρτ − g¯µρg¯ντ − g¯µτ g¯νρ)
+ 8(R¯µρg¯ντ + R¯νρg¯µτ + R¯µτ g¯νρ + R¯ντ g¯µρ)
− 8(R¯µν g¯ρτ + R¯ρτ g¯µν)
}
+
V
8
√
g¯
{
g¯µν g¯ρτ − 2(g¯µρg¯ντ + g¯µτ g¯νρ)
}
.
(C.13)
Eq (C.13) simplifies for a vanishing Weyl tensor
C¯µνρτ = R¯µνρτ +
1
6
R¯(g¯µρg¯ντ − g¯µτ g¯νρ)
− 1
2
(g¯µρR¯ντ + g¯ντ R¯µρ − g¯µτ R¯νρ − g¯νρR¯µτ ) = 0.
(C.14)
Using appropriate commutators for covariant derivatives
yields
Γ
(2)µνρτ
bb = −
M2
32
√
g¯
{[
4(g¯µρg¯ντ + g¯µτ g¯νρ)− 3g¯µν g¯ρτ ]D2
+ 2g¯µν(DτDρ +DρDτ ) + 2g¯ρτ (DµDν +DνDµ)
− 4(g¯µρDνDτ + g¯νρDµDτ + g¯µτDνDρ + g¯ντDµDρ)
+
4
3
R¯
[
g¯µν g¯ρτ − 2(g¯µρg¯ντ + g¯µτ g¯νρ)]}
+
V
8
√
g¯
{
g¯µν g¯ρτ − 2(g¯µρg¯ντ + g¯µτ g¯νρ)
}
.
(C.15)
When applied on the traceless field b˜ρτ the terms ∼ g¯ρτ in
eq. (C.15) do not contribute.
When acting on physical metric fluctuations the pieces
∼ Dρ or ∼ Dτ do not contribute, such that the different
pieces (C.11), (C.12) and (C.15) read
Γ
(2)
hh =
3M2
32
√
g¯
(
D2 +
4H2
a2
)
,
Γ
(2)µν
bh =
M2
32
√
g¯(g¯µνD2 − 2DµDν − 2DνDµ),
Γ
(2)ρτ
hb = 0,
Γ
(2)µνρτ
bb = −
M2
4
√
g¯P (b)µνρτ
(
D2 − R¯
6
)
.
(C.16)
C.2. Decomposition of physical metric fluctuations
The decomposition into trace and traceless parts remains
valid if we impose the constraint hνµ;ν = 0 for the metric
physical fluctuations. This replaces in eq. (C.1) hµν → fµν ,
b˜µν → bµν , h → σ, with bµν = P (b)µν ρτfρτ . The fields bµν and
σ are no longer independent, however, due to the relation
bνµ;ν = −∂µσ/4.
We first insert the decomposition hµν = bµν + σg¯µν/4,
g¯µνbµν = 0, directly inside the effective action. Taking ac-
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count of the constant hνµ;ν = 0 one finds
−
∫
x
M2
2
(
√
gR)(2) =
∫
x
M2
2
√
g¯
{
1
4
bµν;ρbµν;ρ
− 3
16
σ;
µσ;µ +
1
4
R¯bµνb
µν
−1
2
R¯ρµb
µνbνρ − 1
2
R¯µρνσb
µνbρσ
} (C.17)
and ∫
x
(
√
gV )(2) = V
∫
x
√
g¯
(
1
16
σ2 − 1
4
bµνb
µν
)
. (C.18)
With
R¯µρνσb
µνbρσ = C¯µρνσb
µνbρσ − R¯ρµbµνbνρ+
1
6
R¯bµνbµν (C.19)
one obtains for a vanishing Weyl tensor C¯µρνσ = 0 the simple
expression
Γ2 =
∫
x
√
g¯
{
M2
8
bµν
(
−D2 + 2
3
R¯ − 2V
M2
)
bµν
+
3M2
32
σ
(
D2 +
2V
3M2
)
σ
}
.
(C.20)
We next write
bµν = tµν + s˜µν , t
ν
µ;ν = 0, t
µ
µ = 0, (C.21)
where s˜µν is a function of σ as given by eqs. (74) and (77),
and tµν is the independent traceless and divergence free ten-
sor field. The part s˜µν obeys
s˜νµ;ν = −
1
4
∂µσ. (C.22)
We decompose
Γ2 = Γ
(t)
2 + Γ
(σ)
2 + Γ
(σt)
2 , (C.23)
with transversal traceless part
Γ
(t)
2 =
M2
8
∫
x
√
g¯tµν
(
−D2 + 2
3
R¯− 2V
M2
)
tµν , (C.24)
trace part
Γ
(σ)
2 =
M2
32
∫
x
√
g¯
{
σ
(
3D2 +
2V
M2
)
σ
+4s˜µν
(
−D2 + 2
3
R¯− 2V
M2
)
s˜µν
}
,
(C.25)
and mixed term
Γ
(tσ)
2 =
M2
4
∫
x
√
g¯tµν
(
−D2 + 2
3
R¯− 2V
M2
)
s˜µν . (C.26)
In comparison, we can employ Γ(2), as given by eqs. (C.11)
to (C.13) or (C.15) and apply it to the physical metric fluc-
tuations fµν ,
Γ2 =
1
2
∫
x,y
fµν(x)Γ
(2)µνρτ (x, y)fρτ (y)
=
1
2
∫
x,y
{
bµν(x)Γ
(2)µνρτ
bb (x, y)bρτ (y)
+ bµν(x)Γ
(2)µν
bh (x, y)σ(y)
+ σ(x)Γ
(2)ρτ
hb (x, y)bρτ (y)
+ σ(x)Γ
(2)
hh (x, y)σ(y)
}
.
(C.27)
Employing again the decomposition (C.21) we observe that
the mixed terms ∼ Γ(2)bh ,Γ(2)hb only contribute to parts involv-
ing s˜µν , and not tµν . The part Γ
(t)
2 for the traceless divergence
free tensor can be extracted from eq. (C.14) by omitting all
terms where Dρ or Dτ act on the right. The resulting expres-
sion reads
Γ
(2)µνρτ
bb = −
M2
4
√
g¯P (b)µνρτ
(
D2 − 2
3
R¯+
2V
M2
)
, (C.28)
such that Γ(t) coincides with eq. (C.24).
The trace part Γ
(σ)
2 obtains contributions from Γ
(2)
hh , as well
as from Γ
(2)
bb ,Γ
(2)
bh and Γ
(2)
hb , with bµν replaced by s˜µν . The sum
of all contributions equals indeed eq. (C.25), and we see that
the off-diagonal terms are necessary for this result. While
the inverse t− t-propagator (C.28) can be directly extracted
from eq. (C.24), the inverse σ− σ propagator needs the term
∼ s˜µνF s˜µν . The inverse propagator for σ does not coincide
with the inverse propagator Γ
(2)
hh for the unconstrained field h
in eq. (C.11).
C.3. Scalar fluctuations
The scalar part of the physical metric fluctuations involves
the trace σ and a second scalar contained in tµν . Their pre-
cise definition involves the contribution of σ to bµν , i.e. the
form of s˜µν . In section 5 we have discussed the form of s˜µν for
background geometries with constant curvature scalar. Alter-
natively, we may try the ansatz
s˜µν = Dµsν +Dνsµ − 1
2
Dρsρg¯µν . (C.29)
The vector sµ has to be chosen such that eq. (C.22) is obeyed.
Combining eqs. (C.22) and (C.29) one has
Fµ
νsν = −1
4
∂µσ,
Fµ
ν = D2δνµ +D
νDµ − 1
2
DµD
ν
= D2δνµ + R¯
ν
µ +
1
2
DµD
ν .
(C.30)
Here we have used the commutator relation
[Dν , Dµ]sν = R¯
ν
µsν . (C.31)
We need the inverse of the operator Fµ
ν
Cρ
µFµ
ν = δνρ ,
sρ = −1
4
Cρ
µ∂µσ.
(C.32)
For a general background geometry the explicit computation
of Cρ
µ is not easy due to the non-commuting properties of
the covariant derivatives.
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Let us consider first the ansatz Cρ
µ = C¯ρ
µ,
C¯ρ
µ = D−2δµρ −
1
3
D−2DρD
−2Dµ, (C.33)
which implies
s¯µ = −1
6
D−2Dµσ (C.34)
and
s¯µν = −1
6
(DµD
−2Dν +DνD
−2Dµ − 1
2
g¯µνD
ρD−2Dρ)σ.
(C.35)
For flat space this solves eq. (C.32), and the result (C.35)
is in accordance with eq. (131). For more general geometries
we observe
C¯ρ
µF νµ = δ
ν
ρ +D
−2R¯νρ
− 1
3
D−2DρD
−2
(
[Dν , D2] + R¯νµD
µ + R¯νµ;
µ
)
= δνρ +D
−2
(
δµρ −
2
3
DρD
−2Dµ
)
R¯νµ = D
−2Aρ
ν ,
(C.36)
where we employ
[Dν , D2]sν = R¯
µνDµsν + R¯
µν
;µsν . (C.37)
The solution for C is therefore
Cρ
µ = (A−1)ρ
νD2C¯ν
µ
= (A−1)νρ
(
δµν −
1
3
P (l)µν
)
,
(C.38)
where
Aρ
ν = D2δνρ +Bρ
µR¯νµ,
Bρ
µ = δµρ −
2
3
P (l)µρ .
(C.39)
The longitudinal propagator P (l),
P (l)ν
µ = DνD
−2Dµ, (C.40)
obeys
P (l)ρν P
(l)µ
ρ = P
(l)µ
ν , P
(l)µ
ν DµF = DνF. (C.41)
We infer
sµ = −1
6
(A−1)µ
ν∂νσ, (C.42)
such that the operator A−1 replaces D−2 in eq. (C.34). The
task is now the inversion of A.
For making contact with section 5 we can specialize to
R¯νµ =
1
4
R¯δνµ, (C.43)
with constant R¯. We employ
Aρ
ν =
(
D2 +
1
4
R¯
)
δνρ −
1
6
R¯P (l)νρ . (C.44)
The inverse is found easily
(A−1)µ
ν =
(
D2 +
R¯
4
)−1
δνµ
+
R¯
6
(
D2 +
R¯
4
)−1(
D2 +
R¯
12
)−1
P (l)νµ
(C.45)
such that
sµ = −1
6
(
D2 +
R
12
)−1
∂µσ. (C.46)
Using the commutator relation
[
Dν , (3D
2 + R¯)−1
]
=
R¯
4
(
D2 +
R¯
12
)−1
(3D2 + R¯)−1Dν
(C.47)
one has
Dν(3D
2 + R¯)−1σ =
1
3
(
D2 +
R¯
12
)−1
∂νσ = −2sν. (C.48)
This establishes that s˜µν , as computed from eq. (C.29), in-
deed coincides with eq. (91). Equations (C.29) and (C.42)
can be used for an expansion in the vicinity of maximally
symmetric geometries.
D. Mode equation and linearized Einstein
equation
We show in this appendix that the mode functions obey Ein-
stein’s field equations for small fluctuations around a back-
ground field, provided that the background field is itself a
solution of the field equations. If not, the mode functions do
not obey the linearized Einstein equations. We restrict here
the metric fluctuations to the physical fluctuations fµν and
we do not include contributions to the field equations from
possible gauge fixing terms.
We start with the defining equation (259) for the mode
functions, with D(η) related to the second functional deriva-
tive Γ(2) by eq. (255). The equivalence of the field equation
(57) for ∆Kµν = 0, i.e. the mode equation,
Γ(2)µνρτfρτ = 0, (D.1)
with the linearized field equation around a background that
solves the field equation is not restricted to a homogeneous
and isotropic situation. We therefore keep general fρτ and the
general form (68) for Γ(2). Since in eq. (D.1) Γ(2) acts on fρτ
the terms involving Dρ or Dτ positioned at right do not con-
tribute. Furthermore, one can use the general commutator
relation
[Dρ, Dµ]Aρτ = R
µρAρτ −Rµρτ λAρλ. (D.2)
For the mode equation (D.1) one therefore has
Γ(2)µνρτ fρτ = −M
2
4
√
g¯
{
fµν ;
ρ
ρ − f;ρρg¯µν + f;µν
+
1
2
R¯f g¯µν − R¯fµν + R¯µρfνρ + R¯νρfµρ − R¯µνf
− R¯ρτfρτ g¯µν + 2R¯µρντfρτ
}
+
V
4
√
g¯{f g¯µν − 2fµν} = 0.
(D.3)
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In comparison, we next evaluate the linearized Einstein
equation (306) and (307) for the physical metric fµν . With
hµν;
ν = 0 eq. (306) simplifies to
G(1)µν =
1
2
{
R¯ρµfνρ + R¯
ρ
νfµρ − 2R¯µρντfρτ − R¯fµν
+ R¯ρτfρτ g¯µν − fµν;ρρ − f;µν + f;ρρg¯µν
}
.
(D.4)
Comparing with eq. (D.3) one finds for the difference between
the linearized Einstein equation and the mode equation (D.1)
G(1)µν +
V
M2
fµν − 2
M2
√
g¯
Γ(2)ρτµν fρτ =(
R¯ρµ −
1
2
R¯δρµ +
V
M¯2
δρµ
)
fρν +
(
R¯ρν −
1
2
R¯δρν +
V
M2
)
fρµ
− 1
2
(
R¯µν − 1
2
R¯g¯µν +
V
M2
)
f.
(D.5)
If the background metric obeys the field equation,
R¯µν − 1
2
R¯g¯µν +
V
M2
g¯µν = 0, (D.6)
the r.h.s. of eq. (D.5) vanishes, such that eq. (D.3) indeed
yields the linearized Einstein equation for small deviations
from the background solution.
We emphasize, however, that for background metrics not
obeying the field equation (D.6) the linearized Einstein equa-
tions (306) should not be used for the definition of the mode
functions. The correct equation, which also carries the infor-
mation on the partial normalization of G, is the propagator
equation (256) which entails eq. (259) or eq. (D.1). The differ-
ence results from the fact that the first functional derivative
of the effective action is given by
δΓ
δgµν
= −M
2
2
g1/2gµρgντ
(
Rρτ − 1
2
Rgρτ +
V
M2
gρτ
)
. (D.7)
The linearization of this expression yields the mode equation
(D.1) or (D.3). The linearized Einstein equation only involves
the linearization of the last factor. Away from background
geometries that solve the field equations the linearization of
(g1/2gµρgντ )(1) =
f
2
g¯µρg¯ντ −fµρg¯1/2g¯ντ −fντ g¯1/2g¯µρ (D.8)
contributes additional terms that account for the r.h.s. of
eq. (D.5).
A simplification of the mode equation (D.3) occurs for back-
ground geometries with a vanishing Weyl tensor. For this
purpose we express R¯µρνσ in terms of the Weyl tensor C¯µρνσ ,
R¯µρντ = C¯µρντ +
1
2
(g¯µνR¯ρτ + g¯ρτ R¯µν
− g¯µτ R¯νρ − g¯νρR¯µτ )− 1
6
R¯(g¯µν g¯ρτ − g¯µτ g¯νρ).
(D.9)
For a vanishing Weyl tensor, C¯µρνσ = 0, we can then replace
in eq. (68)
g¯ντDρDµ → g¯ντ R¯µρ − R¯µρντ
→ g¯ντ R¯µρ − 1
2
(g¯µνR¯ρτ + g¯ρτ R¯µν − g¯µτ R¯νρ − g¯νρR¯µτ )
+
1
6
R¯(g¯µν g¯ρτ − g¯µτ g¯νρ),
(D.10)
where the contribution ∼ DµDρ is omitted. With this sim-
plification the action of Γ(2) on fρτ becomes
Γ(2)µνρτ = −M
2
8
√
g¯
{
(g¯µρg¯ντ + g¯νρg¯µτ − 2g¯µν g¯ρτ )D2
+ g¯ρτ (DµDν +DνDµ)
+
1
3
R¯(g¯µν g¯ρτ − 2g¯µρg¯ντ − 2g¯µτ g¯νρ)
− 2V
M2
(g¯µν g¯ρτ − g¯µρg¯ντ − g¯µτ g¯νρ)}.
(D.11)
E. Decomposition of unconstrained metric
fluctuations into SO(3) representations
For a homogeneous and isotropic background geometry (242)
the unconstrained metric fluctuations hµν decompose with
respect to the SO(3)-rotation group as four scalars, two di-
vergence free vectors and the graviton. We have discussed
in section 9 the decomposition of the physical metric fluc-
tuations (two scalars, one vector and the graviton) and the
gauge fluctuations (two scalars and one vector) separately. In
this appendix we display more familiar decompositions of hµν
and establish the connection to the decomposition employed
in the present paper. We also describe the Bardeen poten-
tials within the familiar decomposition and establish their
connection to the physical metric fluctuations in the scalar
and vector sector.
E.1. Decomposition
We start from the familiar decomposition of general metric
fluctuations hνµ with respect to the rotation group. In Fourier
space it is given by
h00 = 2A,
hji = a
2(γji + ik
jVi + ikiV
j − 2kikjB) + 2Cδji
hj0 = a
2(W j + ikjD), h0j = −(Wj + ikjD),
(E.1)
with
γjj = 0, kjγ
j
i = 0, kjV
j = 0, kjW
j = 0. (E.2)
A restriction to fluctuations obeying hνµ;ν = 0 will be done
later.
For an explicit relation between the four scalars A,B,C,D
and the metric components one may use the relations
h00 = 2A, ikmh
m
0 = −k2D,
hmm = 6C − 2k2B, a2kmkjhjm = 2k2(C − k2B),
(E.3)
such that
C =
1
4
(
hmm − a2
kmkj
k2
hjm
)
B =
1
4k2
(
hmm − 3a2
kmkj
k2
hjm
)
.
(E.4)
In particular, one has
h = 2A+ 6C − 2k2B, b˜00 =
3
2
(A− C) + k
2
2
B. (E.5)
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In order to identify the “gauge invariant part” of the de-
composition (E.1) we consider the inhomogeneous part of the
gauge transformation
δinhh
ν
µ = −(ξµ;ν + ξν ;µ), (E.6)
which amounts to
δinhh
0
0 = −2∂ηξ0 − 2Hξ0,
δinhh
j
0 = −∂ηξj − ikjξ0,
δinhh
j
i = −i(kiξj + kjξi)− 2Hδji ξ0.
(E.7)
Comparison with eq. (E.1) yields
δA = −(∂η +H)ξ0, δC = −Hξ0,
δD = ξ0 − ∂ηξL, δB = −ξL,
δV i = −ξiT , δγji = 0, δW i = −(∂η + 2H)ξiT ,
(E.8)
with
ξL = −ikjξ
j
k2
, ξi = a2(ξiT + ik
iξL), kjξ
j
T = 0. (E.9)
Writing
A = Ψ+ (∂η +H)(∂ηB −D),
C = Φ+H(∂ηB −D),
W j = Ωj + (∂η + 2H)V j
(E.10)
one observes that the Bardeen potentials [9] Ψ and Φ, as well
as Ωj = Wj − ∂ηVj and γji , are invariant under the inhomo-
geneous gauge transformations.
E.2. Einstein equation
In terms of these fields the linearized Einstein equations (306)
involve the first variation of the Einstein tensor
G(1)00 = 2k
2φ+ 6H∂ηC,
G(1)m0 =
1
2
k2Ωm − 2ikm(∂ηφ−HΨ)
− (2∂ηH+H2)Wm − ikm
[
2(∂ηH−H2)∂ηB + 3H2D
]
,
G(1)mn =
1
2
(∂2η + 2H∂η − 4∂ηH− 2H2 + k2)γmn
− i
2
(∂η + 2H)(kmΩn + knΩm)
− i(2∂ηH +H2)(kmVn + knVm) + g1δmn + g2kmkn,
(E.11)
with
g1 = (2H∂η + 4∂ηH + 2H2 − k2)Ψ
− (2∂2η + 4H∂η + 4∂ηH+ 2H2 + k2)φ
+ 2(∂2ηH+H∂ηH)(D − ∂ηB),
g2 = φ+Ψ+ 2(2∂ηH +H2)B.
(E.12)
For a background geometry obeying the field equations (cf.
eqs. (251) and (D.6))
4V
M2
= R¯ =
6
a2
(H2 + ∂ηH) (E.13)
the linearized Einstein equation becomes (cf. eq. (307))
G(1)µν = −
V
M2
hµν = − 3
2a2
(H2 + ∂ηH)g¯νρhρµ. (E.14)
The different components read
G(1)00 − 3(H2 + ∂ηH)A = 0, (E.15)
G(1)m0 +
3
2
(H2 + ∂ηH)(Wm + ikmD) = 0, (E.16)
G(1)mn +
3
2
(H2 + ∂ηH)(γmn + ikmVn + iknVm (E.17)
− 2kmknB + 2Cδmn) = 0. (E.18)
The first equation (E.15) yields
2k2φ+ 6H∂ηφ− 3(H2 + ∂ηH)Ψ
+ 3(H2 − ∂ηH)(∂η −H)(∂ηB −D) = 0.
(E.19)
For V > 0 the solution of the field equation (D.6) is de Sitter
space for which ∂ηH = H2. For a background metric obey-
ing the field equation the linearized Einstein equation (E.15)
involves only the invariant Bardeen potentials,
2k2φ+ 6H(∂ηφ−HΨ) = 0. (E.20)
Also eq. (E.16) involves only “gauge invariant fluctuations”,
1
2
k2Ωm − 2ikm(∂ηφ−HΨ) = 0, (E.21)
and similarly for eq. (E.18),
1
2
(∂2η + 2H∂η + k2)γmn −
i
2
(∂η + 2H)(kmΩn + knΩm)
+
[
(2H∂η + 6H2 − k2)Ψ− (2∂2η + 4H∂η + k2)φ
]
δmn
+ (φ+Ψ)kmkn = 0.
(E.22)
The solution of this system of equations is rather simple.
(We only consider km 6= 0 here.) Multiplying eq. (E.21) with
km yields
∂ηφ = HΨ, (E.23)
such that eqs. (E.20) and (E.21) require
φ = 0, Ψ = 0, Ωm = 0. (E.24)
The only non-vanishing mode is the graviton γmn which obeys
the standard field equation for massless excitations
(∂2η + 2H∂η + k2)γmn = 0. (E.25)
This mode equation is the same as for a massless scalar field
and has been discussed extensively in the literature [11–16].
E.3. Physical metric fluctuations
For the “physical degrees of freedom” we impose hνµ;ν = 0.
The components of the constraints for fµν are
fν0;ν = ∂ηf
0
0 + ikmf
m
0 + 3Hf00 −Hfmm
= 2∂ηA+ 6H(A− C) + 2Hk2B − k2D,
(E.26)
and
fνj;ν = (∂η + 3H)f0j + ikmfmj −Hδjmfm0
= 2ikj(C − k2B)− k2Vj − (∂η + 4H)(Wj + ikjD).
(E.27)
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This yields two constraints for the scalar fields
(∂η + 4H)D = 2(C − k2B)
(∂η + 3H)A = 3HC − k
2
2
(2HB −D).
(E.28)
Together with the two defining equations (E.10) for φ and Ψ
they allow us to express A,B,C and D in terms of φ and Ψ.
The vector constraint from eq. (E.26) reads
k2Vj = −(∂η + 4H)Wj , k2V j = −(∂η + 6H)W j . (E.29)
This expresses the gauge invariant vector fluctuation Ωj in
terms of Wj ,
Ωj =
1
k2
[k2 + ∂η(∂η + 4H)]Wj . (E.30)
The relation between the Bardeen potentials and the scalar
metric fluctuations A,B,C,D is rather complex for the con-
straint hνµ;ν = 0. One has to eliminate two of the fields by
using the constraint, and subsequently establish the relation
between the two remaining scalar fluctuations and the gauge
invariant potentials Φ and Ψ.
In the presence of the constraints (E.28) we can relate D
to A and C as
D = 2
[
k2 + 2H(∂η + 4H)
]−1[
(∂η + 3H)A− 2HC
]
, (E.31)
and similar for B,
B =
1
k2
[
k2 + 2H∂η + 8H2 + 2∂ηH
]−1
{[
k2 + 6(∂η + 4H)H
]
C
− 2(∂η + 4H)(∂η + 3H)A
}
.
(E.32)
Inversely, C and A can be expressed in terms of B and D,
C = k2B +
1
2
(∂η + 4H)D
A = (∂η + 3H)−1
{
2Hk2B
1
2
[
k2 + 3H(∂η + 4H)
]
D
}
.
(E.33)
Using these expressions we can write the potentials Φ and Ψ
as functions of B and D, e.g.
Φ = (k2 −H∂η)B + 1
2
(∂η + 6H)D, (E.34)
with Ψ a more lengthly expression.
Perhaps the most convenient setting keeps A and B as in-
dependent variables, with
D = 2
[
k2+3H(∂η +4H)
]−1{
(∂η +3H)A− 2Hk2B
}
(E.35)
and
C =
[
k2 + 3H(∂η + 4H) + 3∂ηH
]−1
×
{
(∂η + 4H)(∂η + 3H)A+
[
k2 + (∂η + 4H)H
]
k2B
}
.
(E.36)
We can then express the Bardeen potentials Φ and Ψ in terms
of the metric components A and B,
Φ =
[
k2 + 3H(∂η + 4H) + 3(∂ηH)
]−1
×
{
(∂η + 6H)(∂η + 3H)A
+
[
k4 + (∂ηH)k2 − 3H2∂2η − 6H(∂ηH+ 2H2)∂η
]
B
}
(E.37)
and
Ψ =
[
k2 + 3H(∂η + 4H) + 3(∂ηH)
]−1
×
{[
k2 + 2∂2η + 11H∂η + 18H2 + 9(∂ηH)
]
A
− [k2(∂η +H)(∂η + 4H) + 3{H∂2η
+ (5H2 + ∂ηH)∂η + 4H3 + 2H∂ηH
}
∂η
]
B
}
.
(E.38)
These equations can be inverted in order to obtain A and
B, and consecutively als C and D as functions of Φ and
Ψ. In contrast to longitudinal or Newtonian gauge, where
B = D = 0, Φ = C, Ψ = A, the relation between the met-
ric components and the gauge invariant Bardeen potentials is
rather complex since inversions of differential operators are
needed. This makes the reconstruction of the metric correla-
tion from the correlations of Φ and Ψ rather cumbersome for
the covariant gauge hνµ;ν = 0.
E.4. Relation between decomposition of physical metric
fluctuations and unconstrained metric fluctuations
The relation with the decomposition of the physical metric in
sect.VII can be made by the identifications
f00 = −2a2A = a2[κ+ ǫ],
f0m = a
2(Wm + ikmD)
= a2
[
Wm − ikm
k2
(∂η + 4H)(κ+ ǫ)− ikm
k2
Hσ
]
,
fmn = a
2(γmn + ikmVn + iknVm − 2kmknB + 2δmnC)
= a2
[
γmn − i
k2
(∂η + 4H)(kmWn + knWm)
+
1
2k2
(∂η + 4H)2
(
δmn − 3kmkn
k2
)
(κ+ ǫ)
+
1
2
(δmn − kmkn
k2
)(κ+ ǫ)
+
1
2k2
(
2kmkn +
(
δmn − 3kmknk2
)
× (k2 +H∂η + ∂ηH + 4H2)
)
σ
]
,
(E.39)
We infer
Vm = − 1
k2
(∂η + 4H)Wm, (E.40)
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while in the scalar sector one has
A = −1
2
(κ+ ǫ),
B =
1
4k4
{
[k2 + 3(∂η + 4H)2](κ+ ǫ)
+ [k2 + 3(∂η + 4H)H]σ
}
,
C =
1
4k2
{[k2 + (∂η + 4H)2](κ+ ǫ)
+ [k2 + (∂η + 4H)H]σ},
D = − 1
k2
{(∂η + 4H)(κ+ ǫ) +Hσ}.
(E.41)
One can verify that eq. (E.41) obeys the constraints (E.28).
For the computation of the Bardeen potentials Φ and Ψ
and one needs the combination
∂ηB −D = 1
4k4
{
[3∂η(∂η + 4H)2 + 4k2(∂η + 4H)
+ k2∂η](κ+ ǫ) + [3∂η(∂η + 4H)H
+ k2(∂η + 4H)]σ
}
.
(E.42)
The relation between Φ and Ψ and the fields κ and σ depends
on the choice of ǫ,
Φ =
1
4k4
{
[k4 + k2(∂ηH) + k2∂η(∂η + 3H)
− 3H∂η(∂η + 4H)2](κ+ ǫ)
+ [k4 + k2(∂ηH)− 3H∂η(∂η + 4H)H]σ
}
,
(E.43)
and
Ψ = − 1
4k4
{
[2k4 + k2(∂η +H)(5∂η + 16H)
+ 3(∂η +H)∂η(∂η + 4H)2](κ+ ǫ)
+ (∂η +H)[3∂η(∂η + 4H)H+ k2(∂η + 4H)]σ
}
.
(E.44)
For maximally symmetric spaces we may use the choice (333)
for ǫ and employ the relation (334). In any case, the relation
between the Bardeen potentials and the metric components
κ and σ remains rather involved.
F. Second functional derivative and propagator
equation
In this appendix we recall a few properties of second func-
tional derivatives that are useful for the derivation of the
propagator equation. In particular, we address the effects
of a change in the field basis for the propagator equation.
For a given complex field ϕa(η,k) in Fourier space the
quadratic effective action takes the general form
Γ2 =
∫
η,k
ϕ∗a(η,k)Aab(k; η, η′)ϕb(η′,k). (F.1)
The k-integral comprises for every k both contributions from
ϕ(k) and ϕ(−k), and we have to remember that these fields
are not independent, i.e. ϕa(η,−k) = ϕ∗a(η,k). As a conse-
quence, the second functional derivative reads
Γ
(2)
ab (η,k; η
′,k′) =
∂2Γ2
∂ϕ∗a(η,k)∂ϕb(η
′,k′)
= δ(k − k′)[Aab(k; η, η′) +Aba(−k; η′, η)].
(F.2)
For Aab(−k, η, η′) = Aab(k, η, η′) only the symmetric part
of A contributes to Γ(2). This is realized in our case where
A only involves even powers of km through projectors onto
the modes γmn,Wm, κ and σ, multiplied with operators that
depend on k2.
Furthermore, Aab turns out to be a purely imaginary dif-
ferential operator,
A(k; η′, η) = iδ(η − η′)Dab(k, η, ∂η). (F.3)
Writing
Dab(k, η, ∂η) = D
(0)
ab (k, η) +D
(1)
ab (k, η)∂η +D
(2)
ab (k, η)∂
2
η + . . .
(F.4)
one infers
Γ
(2)
ab (η,k; η
′,k′) = iδ(η − η′)δ(k − k′)D˜ab(k, η, η′), (F.5)
with
D˜ab(k, η, η
′) =
[
D
(0)
ab (k, η) +D
(0)
ba (k, η)
]
+
[
D
(1)
ab (k, η)−D(1)ba (k, η)
]
∂η − ∂ηD(1)ba (k, η)
+
[
D
(2)
ab (k, η) +D
(2)
ba (k, η)
]
∂2η + 2∂ηD
(2)
ba (k, η)∂η
+ ∂2ηD
(2)
ba (k, η) + . . .
(F.6)
This structure can be most easily visualized as a result of par-
tial integration of the terms involving ϕ∗b (−k)ϕa(−k). For
example, one has the following associations
D = a2∂2η → D˜ = a2
(
∂2η + (∂η + 2H)2
)
,
D = 2Ha2∂η → D˜ = −a2(4H2 + 2∂ηH),
D = a2(∂2η + 2H∂η) → D˜ = 2a2(∂2η + 2H∂η).
(F.7)
The propagator equation Γ(2)G = E can be solved in an
arbitrary field basis. Consider unconstrained fields ϕa where
E = δba,
∂2Γ
∂ϕa∂ϕb
〈ϕbϕc〉c = δac . (F.8)
For a linear regular transformation
ϕa = Aabψb (F.9)
this translates to
∂2Γ
∂ψa∂ψb
〈ψbψc〉c = δac . (F.10)
We will encounter field transformations
ϕa(k, η) = Bac(k, η, ∂η)ψc(k, η) (F.11)
that are not necessarily regular. We still can first evaluate
the correlation function in the ψ-basis and subsequently use
G
(ϕ)
ab (η,k; η
′,k′) = 〈ϕa(η,k)ϕ∗b (η′,k)〉c
= Bac(k, η, ∂η)B∗bd(k, η′, ∂η′)〈ψc(η,k)ψ∗α(η′,k′)〉c
= Bac(k, η, ∂η)B∗bd(k, η′, ∂η′)G(ψ)cd (η,k; η′,k′).
(F.12)
This situation is realized if we want to compute the metric
correlation from the propagators of the physical fluctuations
γmn,W, κ and σ. The latter are represented here by ψ, while
the relation between the metric components φ and ψ is given
by hµν = tµν + sµν and the expansion (324).
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